GROWTH OF MEROMORPHIC SOLUTIONS OF SOME
FUNCTIONAL EQUATIONS I
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Summary. It is shown that each transcendental meromorphic solution f(z) of the func-
tional equation Z?:O a;j(2)f(c7z) = Q(z), where Q and the aj, j = 0, ..., n are polynomials
without common zeros, an(2)ao(z) # 0 and 0 < |c| < 1, satisfies m(r, f) = of(logr)?(1 + o(1))

for some constant of.

1. INTRODUCTION

In this paper we are concerned with meromorphic solutions of the functional
equation

n

(1.1) Y ai(2)f(d2) = Q(2),

=0

where @ and the a;, j = 0, ..., n are polynomials without common zeros, a,(z)ao(z) #

0 and 0 < |¢| < 1. Throughout this paper, we use standard notations in the Nevan-
linna theory (see, e.g., [3], [7], [8], [9]). Let f(z) be a meromorphic function. Let
m(r, ), n(r, f), N(r,f) and T(r, f) denote the proximity function, the uninte-
grated counting function, the counting function and the characteristic function of
f(2) respectively, and M (r, f) denote the maximum modulus of f(z), when f(z)
is entire. For two real functions ¢(r) and ¢(r), r € R*, we write ¢(r) ~ ¢(r) if
o(r)/(r) — 1 as r — oo. In the paper [1], we proved

Theorem A. Any meromorphic solution f(z) of (1.1) satisfies T(r, f) = O((logr)?).

This theorem is generalized in [6] to the case when a;(z) are transcendental
functions. We also proved the following theorem which gives a “lower bound” of
the characteristic functions of transcendental solutions.
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2 Functional equations

Theorem B. Any transcendental meromorphic solution f(z) of (1.1) satisfies

(logr)? = O(T(r, f))-

For the case n = 1 in (1.1), Wittich [11] treated entire solutions of the functional
equation

(1.2) f(sz) = Pr(2)f(2) + Fo(2),
where Pj(z) and Py(z) are polynomials, and |s| > 1. Wittich proved that all
solutions f(z) of (1.2) satisfy log M (r, f) ~
the degree of P;.

It would be natural to ask, for a solution f(z) of (1.1), whether there exists a
constant oy such that T'(r, f) ~ o (log )2 or not. We will give answers to this

question in this note.
At first we have

2 .
(logr)”, as r — oo, where 7 is

Ji
2log |s|

Theorem 1.1. Suppose (1.1) possesses a transcendental entire solution f(z).
Then there is some j, 1 < j < n, such that deglag(z)] < degla;(z)].

Put p; = degla;] and d; = p; — po. By Theorem 1.1 there exists j such that
d; > 0 if (1.1) admits a transcendental entire solution.
For j € {0,...,n}, let

and define P to be the convex hull of U?:O P;. P is called the Newton-Puiseuz
diagram.
Let (jx,d;,), k = 0,...,m, be the vertices of P, where 0 = jo < j1 < --- <

Jm < n. To simplify notation, we use the abbreviation Dy = d;, for k =0,...,m.
For k =1,...,m we define
Dy — Dy
Op = —F/————-
Jk = Jk—1

Then o1 > 09 > -+ > 0y, > 0. The o), are the slopes of the segments which form
the boundary of P (this boundary is called the Newton-Puiseuz polygon). It follows
from the definition of the o} that

dj < Di+0k(j — jx) = Dip—1+ 0r(j — jr—1)
for all j € {0,1,...,n} and all k € {1,..., m}, with strict inequality if j < jr_; or

j > jk. Moreover, we have d; < D,, for all j. Finally, for £ =1,...,m we define
Ok
T = ———.
"7 2log |c]

It will also be convenient to define ¢,,41 = 741 = 0.
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Theorem 1.2.  Suppose that (1.1) possesses a transcendental entire solution f.
Then there exists k € {1,...,m} such that

(1.3) log M(r, f) ~ 71, (log ).

Ramis [10] treated the functional equation (1.1) by means of methods from

log M
functional analysis, and obtained limsup,._, ., log M(r, f) = T.

(log )’

Theorem 1.3. Suppose that (1.1) possesses a transcendental meromorphic solu-
tion f. Then there exists a constant o such that

(1.4) m(r, f) ~ o(logr)?.

A corresponding result for N(r, f) is proved in [2]. Combining these two re-
sults one concludes that a transcendental meromorphic solution f of (1.1) satisfies
T(r, f) ~ c(logr)? for some ¢ > 0 as r tends to infinity.

We prove Theorem 1.1 in Section 2, Theorem 1.2 in Section 3, and Theorem 1.3
in Section 4.

Acknowledgement. We thank the referees for a careful reading of the manuscript
and for valuable suggestions.

2. PROOF OF THEOREM 1.1

Let
q
(2.1) Qz) => Qi
k=0
and

Pj
a;(z) =bjo — ijkzk.
k=1
Write the transcendental entire solution f(z), which is supposed to exist, as
)
(2.2) HOED IS
v=0

Put

(2.3) T, = bog + bioc” + bQOCQV + -+ bpoc™.



4 Functional equations

Then we have

Tooy = Qo,

Tyoq = (bor +b11 + -+ - + bp1)ao + @1,
n min(v,p;)

Tya, =Y Z b, 1 | +Q, (0<v<g)
=0

and, for sufficiently large v,

n Dj
(2.4) T, o, = Z (Z bjkc(”k)jay_k> .
=0 \k=1
Now suppose, on the contrary to the assertion, that po > p; (1 < j < n). Since
(2.2) is entire, we have
(2.5) lim sup |y, |V/¥ = 0.

Put

771,:|oz,,|1/” and fuzsup\a”l/“.
u>v

By (2.5), 1, <&, | 0. From (2.4) we have (putting b, = 0 for k > p;),

po—1| n
(26) bOpo +Zb]p CJ(U Po) l/ PO < |T |§y + Z Z kcj(l/ k)
Jj=1 k=1 |j=1

Let
p(v) = min{ps | p> v and g, = £},
Then 1,y = &) By (2.6), writing p(v) simply as p,

n po—1| n

E . dn 2 n+po ., i (ptpo—k)| cptpo—k
bop, + bjpoC (gu) < |TM+PO|£M+1)O + E E bjrc §H+p0,k’

j=1 k=1 |j=1

that is,

bop, + Z bj,po o
j=1

Eutpo | ‘”Z“ S ( W oepot ((Surpoi \"

H+Po J(ptpo—k Po— Ht+Po—

< ‘T#-"—Po' u+p0 < 5 > + bjkc 0 S/H-;Do—k < 6 )
K k=1 |j=1 H

po—1| n

< |Ttpo [ (Eptpo )™ + Z Zb C [P

k=1 |j=1

Letting p(v) — oo (v — 00), we get |bop,| < 0, a contradiction.
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3. PROOF OF THEOREM 1.2

The proof requires the following

Lemma 3.1. Let rg > 0 and S : [rg,00) — [1,00) be continuous and non-
log S(r) log S(r)

(logr)? (logr)?
that 0 < 7 < oo and that a > 0 satisfies 0 < o < 7. Define 8 = y/ar. Then there
ezist for any K > 1 and any € > 0 arbitrarily large r such that

S(tr) < r?Plostteg(r) for1 <t <K

decreasing. Define o = liminf,_,

and T = limsup, _, Suppose

1
S(tr) < r2elostteg(yy  for Ve <t<1.

Proof of Lemma 3.1 The idea is to use Pdlya peaks for the function h(r) =
exp /log S(r), see e.g. [4]. This function has order /7 and lower order y/o. and
the basic result on Pélya peaks thus implies that there exist Pélya peaks of order
Va for h(r). Moreover, proofs of the existence of Pélya peaks show that they can
be chosen such that if § > 0, then h(r) > 7V*~9 on the peaks. We thus find
arbitrarily large r satisfying the last inequality such that h(tr) < (1 + 8)tY*h(r)
for % <t < K. Taking logarithms, using log(1 + §) < § and squaring yields

log S(tr) < log S(r) + 2+/log S(r)(valogt + 6) + (Valogt 4 6)?
for + <t < K. For large  we have \/log S(r) < (/7 + §)logr and hence find
S(tr) < S(T)T2(ﬁ+6><\/alogt+6)e<¢alogt+6)2
for 1 <t < K. Choosing J sufficiently small and r large we obtain the desired
estimate. For &+ < ¢ < 1 we also use the estimate /log S(r) > (y/a — d)logr
which follows immediately from h(r) > 7V*=%. We obtain
log S(tr) <log S(r) + 2v/alogt(v/a — &) logr 4 20(y/7 + &) logr 4 (Valogt + §)?
and thus
S(tr) < S(r)r2vVeva=o) log t+28(v/T+8) ,(Valog t-+6)*
for % <t < 1. Again the desired conclusion follows for sufficiently small § and
large r. |
Remark. If we choose o = 7 in the lemma, then we have g = 7.

Proof of Theorem 1.2 Let
o = liminf log M(r. /) M(r f) and 7 = limsup log M(r. /) M(r, /)
r—oo  (logr)? r—oo  (logr)?
We know already [1] that 0 < 7 < oo. We assume that the conclusion of the theorem

does not hold. Then either ¢ = 7 # 7 for all k or o < 7. In the first case we choose
a = = 7. In the second case we choose o < 7 such that the interval [a, 7) does not
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contain any 7 and define § = \/ar. Let now £ = min{k € {0,...,m} : 741 < a}.
If ¢ #0, then 7y > > a > 1y3.1. We write the functional equation in the form

fn =3 B poy - 3 8y QG
2 a0, (2) 2= a,) a5,(2)
Here the second sum is empty if £ = m and j,, = n.
Taking the maximum modulus yields for large r that
je—1 n
M(r, f) <C > r5=PeM(lef = f)+ Y r B PeM(|ef T, f) 4 797D
Jj=0 J=Jje+1

where C' > 0 and ¢ € Z. Because f is transcendental, we may omit the term 74~
by replacing C' by a larger constant, if necessary.

We now apply Lemma 3.1 to S(r) = M(r, f) and choose r as there. We obtain

Je—1 n
M(r, f) < CM(r, f) Z pdi—Det2B(j—je) logle|+e 4 Z pi—Det20(j—je) log |c|+e
J=0 J=je+1

For all j we have

dj — Dy < 04(j — je) = —2log|e|Te(j — je)
and
dj — Dy < 0opy1(j — je) = —2log [c|Te11 (£ — je)-

We use the first inequality for j < j, — 1 and the second one for j > j, + 1 and
obtain

Je—1 n
1<C Z p2loglel(—je)(re—=B)+e | Z F—2logle|(j—je) (rer1—a)+e
=0 J=je+1

For sufficiently small € the exponents on the right hand side are all negative and
thus we obtain a contradiction for large r.

If £ = 0, we can make essentially the same argument. In this case, we have
jo = 0 and the first sum in the above estimates is empty. O

Remark. With the above method one could also give an alternative proof of
Theorem 1.1. In fact, if p; < po for all j, then P = {(z,y) |« > 0and y < 0} is
degenerate in the sense that m = 0, but suitable modifications of the case ¢ = 0
above will work. Instead, we have preferred to give a direct proof of Theorem 1.1.



W. Bergweiler, K. Ishizaki and N. Yanagihara 7

4. PROOF OF THEOREM 1.3
We write the equation (1.1) in the form
an(2)f(c"2) + -+ ao(2) f(2) = Q(2),
in which a;(z) and Q(z) are polynomials, without common zeros. We can assume
ap(z) = zHaf(z), u > 0,a8(0) = 1, without losing generality. Putting
h(z) = [T ai(c*2),  g(z) = h(2)f(2),
k=0

we obtain
(4.1) Ap(2)g(c"2) + -+ + Ai(2)g(cz) + g(2) = Q(2)h(2),
where

Ar(z) = 234 = “J’Z (j) [T ai(cb=), ha(z) == [ agc*=).
k=1 k=1

zH

To begin with, we consider the homogeneous case
(4.17). 9(2) + Ay (2)g(c2) + - + An(2)g(c"2) = 0.
Obviously the coefficients of (4.1") are polynomials divided by z#:
deg[A;] = degla;] + (j — 1) deglag] — p = dj + j deglag], 1<j<mn,

where d; = deg[a;] — deg[ag] = deg[a;] — deglaj] — p. A solution g(z) of (4.1") does
not admit any pole for z # 0. In fact, suppose zy # 0 would be a pole, with the
smallest modulus. Then one of g(¢?2), 1 < j < n, has a pole at z = zy, whence
g(2) would have a smaller pole ¢z, a contradiction.

When g(z) has a pole at z = 0 of order p, put G(z) = zPg(z). Then we get

G(z)+cPA(2)G(ez) + -+ ¢ P"AL(2)G(c"2) =0

with entire solution G(z). Hence we suppose (4.1’) admits an entire solution g(z).
Write deglag] = ¢ and

QS(Z):H(l—bez)qe, G+ +am=gq
=1
where 1/b, are zeros of ag(z) with multiplicity ¢,. Then
h(z) = H (H(l - ckbgz)‘”> .
£=1 \k=0

By Theorem 1.2, we have that

(4.2) log M (r,g) ~ fg(logr)Q, Ty =0"/(2logs), s=1/|c|,
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where o* is one of the slopes of the Newton polygon with respect to (4.1’). Let
(41,dj, +j1q) and (jo2,d;, + j2q) be vertices of the Newton polygon to (4.1") which
give o*. We pay attention to the corresponding slope ¢ of the Newton polygon to
(1.1). We obtain

oF = (djz +j2q) — (djl +jIQ)

- - =0+gq

J2 —
Since h(z) satisfies the functional equation —af(z)h(cz) + h(z) = 0, we have
(4.3) log M(r,h) ~ m(logr)?, 71, = q/(2logs).

We assert that

(4.4)  m(r f) ~

Imaxg‘bgsq’o)(log r)? = max(t, — 74,0)(logr)?,
which gives the assertion of Theorem 1.3 for the homogeneous case.

To prove (4.4), we shall show that (i) m(r, f) < max(r,—75,0)(logr)*(1+0(1)),
and (ii) m(r, f) > max(ry — 7, 0)(log 7)%(1 + 0(1)). In order to prove (i), we need
Lemma 4.1 below.

Lemma 4.1. Let N > 0 be a fized integer and let {r;} be a sequence satisfying

rj <7j+1,J=0,1,2,.... We define for k € N
N z
Gk(z) = <1—|— )

Then we have for ry, <r < rgsn

1
m(r, ) < Cilog (TIHN) + Cs,
Gk Tk

where Cy, Cy are constants independent of k and r.

Proof of Lemma 4.1.  Since |1+ (r/r4;)e®|? > 4(r/ry4;) cos*(6/2), we have

1
de.

27 N 1 N 27 .
log —df < / log
/o |G (rei?)]| jz::o 0

We note that fo% log |1/ cos(6/2)|d6 is a finite constant, and we name it Cy. In the

case |r/rp4;] <1, and hence |, /="~ cos §| < 1, we have

k+3
27 27
1 .
/ log™ df = / log 4/ k45 g9 +Cy
0 . /Tk’:rj cosg 0 r

= wlog <%) + Cp < 7log <rk+N> + Cp.
r

Tk

T
Tk

%
(¢0)] 5

1

27
—|df = / log
o 0

r . Z
oy C0S 3
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If | /rk4;] > 1, then we have

2m
/ log™
0

Hence we obtain that

1 N Tk+N N
— ) < —1 _
m<r, Gk> - 2 Og( Tk ) Jr27T'CO7

and the assertion of Lemma 4.1 follows. O

(i) Let p € N be such that s < |by| < sP,£ =1,...,m. For any z, we find k
satisfying s* < |z| < s¥T1. We define

m k—p—1 m [e%e)

M (z) = [ ( IT a- bgcﬂ'z)qe> and 11" (2) = [ ( T a- bgcjz)‘”>7
=1 j=0 (=1 \j=k+p+2

and we write h(z) = IT\® (2) Fi, (2)T1Y” (), where

Fr(z) = ﬁ <kﬁ1(1 - bgcjz)W).

(=1 “j=k-—p

We show that |H§k)| is bounded from above and below. For the sake of simplicity,
we put Ky = [[;2,(1—s77)% and K» = [T}, (1+577)%. We have for j > k+p+2,

|1 —becd 2| <1+ |bels™ 2] <14 s*PH=I and
|1 —becd 2| > 1 — |bgls™ 2| > 1 — shTPH1I=I,

Using this we get

o . q1t+-+qm
(4.5) |H(k) ghtpti— ] qe — <H 1+579) ) = Ko,

e p q1+-+aqm
k+p+1jq13_<H1_s ) = K;.

Next we try to find the lower bound of |H1 (z)]. For the case j <k—p—1, we
have |1 — byc?z| > s¥7P=7 — 1. Hence we get

m K—p— k—p—1 ) q1+-+aqm
|H§k) H H gk—pr—i _ )& = < H (sk—p—J _ 1))
=1 j=0

(4.6) T8 (2)

= j=0
k—p - k—p

= H $19(1 — 7)1 > H UK, = K51+ +(k=p)
j:l Jj=1 Jj=1

= K s1k—P)(k=pt1)/2,
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Therefore we obtain
(4.7) M (2)] > s@/2)(oar/logs)*(1+0(1)) — gmu(logr)*(1+o(1))

where 7, = ¢/(2logs). Now we estimate the proximity function of f = g/h by
Lemma 4.1, (4.5), (4.6) and (4.7):

27 %
) =i ) = 2L [T g olre”)

. ' —|df + O(log )
Hgk) (re’g)Fk(reZQ)Hgk)(rew)

1 27 0 1 27 1
gf/l@w%iLw+—/by——Tw
27 Jo 11" (reif) 27 Jo Fy(ret?)
27
1
+ — log" | ——— ‘d@ + O(logr)
2 0 (k)(rez )
1 [ M
< — log™ # df + O(logr)
2m Jo L (rei)]|
2
< 27 10g+ |emax(‘rgf‘rh,,0)(log 7«)2(1+o(1)) |d0 + O(lOg T)
T

= max(7, — 7, 0)(log7)?(1 + o(1)).
(ii) For any r, we have m(r,g) < m(r, f) + m(r,h) + O(logr), i.e
m(r, f) > m(r,g) —m(r,h) + O(logr).
We fix § > 1 arbitrary and set p =r(d+1)/(6—1) >r, (6 = (p+7)/(p—7)). Then
(4.8) m(p,f) = m(p,g) —m(p,h)+ O(log p)

(
P T M (r,g) — m(p,h) + O(log p)
ot g g 2 gp

1
5 log M(r, g) —log M(p, h) + O(log p).

Using (4.2), (4.3) and (4.8), we have

m(p,f) = ~F(logr)*(1+o0(1)) — m(log p)*(1 + o(1)) + O(log p)

To (187" _ LY (log p)2(1 + 0(1))
( <logp> )

Hence, letting p — oo, we obtain

>

Y

0«1
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Therefore we obtain

m(r, f) = (g = m)(1 + o(1))(log 7).
Thus we obtain (4.4).

Next we treat the inhomogeneous case Q(z) # 0 in (1.1) and (4.1). Set z — cz
in (4.1), i.e.

(4.9) ZAj(cz)g(chz) = h1(c2)Q(cz), Ap(z)=1.
=0
It follows from (4.9) and the functional equation of h(z) that

Aj(cz)g(cjﬂz) = h1(2)Q(cz)/H(cz),

[
—~ O

Jj=

where H(z) = c*aj(z). Combining (4.1) and the equation above, we get the
following homogeneous equation

(4.10) H(c2)Q(2)An(c2)g(c"2) + Z B; (2)g(c?2) — Q(cz)Ag(2)g(2) = 0,

where B;(z) = Aj_1(c2)H(cz)Q(2) — Q(cz)A;(z). In view of Theorem 1.2, we get
log M(r,g) ~ 7,(logr)?, 7, =d"/(2logs),

where &* a slope of the Newton polygon for (4.10). By means of the result in the
homogeneous case, we obtain

m(r, f) ~ (7g — ) (log 7).

Remark. Let L(r, f) = min,—, [f(2)| be the minimum modulus of an entire
funtion f. If f has order 0, and thus in particular if (1.3) is satisfied, we have
log L(r, f) ~ log M(r, f) as r — oo outside some exceptional set of logarithmic
density zero; see [5] for a detailed account of such minimum modulus theorems.
It thus follows from (4.2) and (4.3) that (4.4) holds outside an exceptional set of
logarithmic density zero. The method used above is more elementary in that it
does not use such minimum modulus theorems, and it also avoids the occurence of
exceptional sets.
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