RICCATI DIFFERENTIAL EQUATIONS
WITH ELLIPTIC COEFFICIENTS II

Karsuya IsHizaki?), ILPo LAINE, SHUN SHIMOMURAZ) AND Kazuya ToHGEV

Abstract. We study a Riccati differential equation whose coeflicient is expressible
in terms of a special Weierstrass pe-function. We show that all the solutions are
meromorphic, and examine the periodicity of them.

1. Introduction. In our preceding paper [4], we studied the Riccati differential
equation

1
(11) w/+w2+1(1_m2)p(0ag3az) =0,
where
(1) m is a natural number such that m > 2, m & 6N = {6n |n € N};
(2) p(0, gs3; z) is the Weierstrass p-function satisfying

(v')? = 4v® — gs, gs # 0.

Let p(2) be an arbitrary p-function satisfying (v')? = 4v3—gyv—g3, g5—2793 # 0.
As was explained in [4, Sectionl], under a certain condition, if, for various values
of a, an equation of the form w’ + w? + ap(z) = 0 admits a plenty of meromorphic
solutions, then it is either (1.1) or

1
(1.2) w' +w? + Z(l —m?)po(2) =0,
where
(1) m is a natural number such that m > 2, m ¢ 4N = {4n |n € N};
(2) po(2) = p(g2,0; 2) is the Weierstrass p-function satisfying

(1.3) (v')? = 4v° — gov, g2 # 0.

Let w?,wY be primitive periods of gg(z) satisfying Im(w9/w?) > 0 (cf. (2.3)).
The main results of this paper are stated as follows.
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THEOREM 1.1. All the solutions of (1.2) are meromorphic in the whole complex
plane C.

THEOREM 1.2. Suppose that m is even. Then,
(i) every solution of (1.2) is a doubly periodic function with periods (2w¢, 2w3);
(i) there exist exactly two distinct solutions with periods (w?,2w3) (or with pe-
riods (2w?,wy));
(iii) there exists no solution with periods (w{,w3).

THEOREM 1.3. For every odd integer m satisfying m > 3, the equation (1.2) admits
no periodic solution except a doubly periodic one, which is expressible in the form:

k

2@0 )90 (2) .
m(%Z) = + ) fm=8k+3, k£=0,1,2,..,
Ym(2) 2@0 Z )2 — Omn /
k
po(2) 2@0 po z)
m(%Z) = + , ifm=8k+5, k=0,1,2,..,
¥m(2) 00 (2) 2@0 Z Orm,h f
Z) : 2@ go
0 0 .
m(2) = + , ifm=8k+7, k=0,1,2,..,
V(@) = 20 Z . f
k+1
2 /
@pm(z)zzw ifm=8k+9, k=012 .,

he1 ©0(2)? = Omn’

where, for each (m,h), O, p is some complex constant.

Using the properties of pg(z) explained in Section 2, we prove these results in
Sections 3 and 4. For a related result concerning linear systems with doubly periodic
coefficients, see [1].

2. Properties of the elliptic function py(z). We review basic facts concerning
elliptic functions (see [6], [7]). The elliptic function po(z) = @(g2,0;2) satisfies
(1.3), which is written in the form

(2.1) (v)? = 4v(v — e1)(v — e2),
er=9y"/2, er=—g2/2, e3=0, g2 #0.

Consider the expression of pg(z) :

@ w3+ ¥ (g g ) B2 100)

Z —_
(p,q)€L2? p.a

where Q, , = pw? + qwd, (p,q) € Z? constitute the lattice of poles. By (2.1) the
periods w?, w9 of po(z) may be given by

0
_ dt
(2.3) = V2, Ven, W) =iw?, eoz/

VBt

Then we have
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PROPOSITION 2.1. po(wf/2) = e; (j =1,2), po(w3/2) =0, where wg = w) + wj.

Furthermore the Weierstrass (-function

1 1 1
D=1+ 2 (mamtaster) G0 =-mw

(p,q)€L2 P4 ’ pa
has the properties:
(2.4) Coz + w°> = Co(2) + 20, j =1,2,3,
1 w? /2
25 =G/ = g+ ( S e ]
(2.6) n?wg - ngw? = mi.

Relation (2.6) implies (n?,7n9) # (0,0). Observing that —i€2, , = Q, _p, from (2.3)
and (2.5), we obtain

PROPOSITION 2.2. 1%/n8 = (o(w?/2)/(o(wd/2) = i.

Around each lattice pole z = o, = Q1) 4(1), the Laurent series expansion of
©o(z) is given by the following

PROPOSITION 2.3. For an arbitrary pole z = o1, of po(z),

around z = oy,.

PROOF. It sufficies to consider the case where o7, = 0. We put po(z) = Y pe  brz" =2,
bo = 1, near z = 0. Then —py(iz) = > oo i*bpz" 2. Since —if2y, , = Q4,—p, we have
©o(2) = —po(iz), which implies by, = 0 for k ¢ 4N. O

Let wo(2) = po(2)Y? be a branch such that lim,_,¢ zwo(z) = 1. Then wq(z) is
a doubly periodic function with the periods (2w{,wY), which has two simple poles
with residues 1 and —1 in its period parallelogram. A simple computation leads us
to the following.

PROPOSITION 2.4. The functions wo(z) and Wo(z) = 2wh(2) = @}(2)po(z) /2
satisfy

(2.7) wi(2)? = wo(2)* — g2/4,
and
(2.8) W (z) = 6p0(2)Wo(2),

respectively.
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3. Proofs of Theorems 1.1 and 1.2. Consider the linear differential equation

4

1
(3.1) u + po(z)u =0,

which is associated with (1.2).

LEMMA 3.1. Let z = o, be an arbitrary lattice pole of ©o(z). Then (3.1) admits
linearly independent solutions expressed in the form

U(2) = (2 = o) =™/ g0 (2 — o)V, g0 =1,

§=0
UZ(Z) = (Z — O'L)(1+m)/2 Z/B](2) (Z — O'L)4ja (()2) = 17
§=0
around z = oy,.

PROOF. Around z = oy, we have
po(2) = (z — o) *Po((z — or)*)
with -
Po(t) =) bant™, bo =1
n=0

(cf. Proposition 2.3). Consider the equation

d®>v 3 du 1—m?
3.2 t?P—— + t— 4+ ——Py(t)u=0
(3.2 i T ata T e
around the regular singular point ¢ = 0. The roots p; = (1—m)/8 and pa = (1+m)/8
of the indicial equation

1—m?

64

3
plo=1)+ 1o+ =0

satisfy po — p1 = m/4 ¢ 7. Hence, (3.2) admits local solutions of the form
pr(t) = t=™/ENT B0 gy () = (BN gDy ) = B8P =1,
Jj=0 j=0

around t = 0 (see [2], [3]). By the transformation t = (2 — o), (3.2) becomes
(3.1) admitting the solutions Uy (2) = ¢1((z — o)), U2(2) = ¢2((z — or)?). This
completes the proof. O

An arbitrary solution w(z) of (1.2) is written in the form w(z) = U'(z)/U(z),
where U(z) is a solution of (3.1). By Lemma 3.1, w(z) is meromorphic in the whole
complex plane C, which completes the proof of Theorem 1.1.

Theorem 1.2 is proved by the same argument as that of the proof of [4, Theorem
3.1].
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4. Proof of Theorem 1.3.

4.1. Case m = 8k + 3. When m =8k + 3, k = 0,1,2,..., we write (3.1) in the
form

(4.1) L*(u) =0, L*=(d/dz)*— (4k + 1)(4k + 2)po(2).

In what follows, go(2)'/? denotes the branch given in Section 2. Then we have

PROPOSITION 4.1. For every k € NU {0}, (4.1) admits a doubly periodic solution
of the form

Xm( = pO 1/2 H pO - gm,h)

(m = 8k + 3) with periods (2w?,wY).

1/2 0

PROOF. Let A(l)/z be the period parallelogram of py(z)*/* with vertices (—w] —
w?)/2, (3w? —w?) /2, (—w?+w?)/2 and (3w? 4+ w?)/2. The poles of po(2)L/2 in A2
are z = 0 and z = w?, whose residues are 1 and —1, respectively. By Proposition
2.3, for every ¢ € NU {0}, we have

(4.2.1) po(z)l/zpo( ¢ _ ,—2q-1 Zb(Q) in, b(()q) -1
around z = 0, and

(4.2.2) po(2)20(2)7 = —(z — w) 207! Z bl (2 — wh)*
around z = wY. Then, for v =0,1,....k — 1, k,

L*(po(z)l/Zpo(z)Z" e 3ZBV’€ 4n
:Bou,kz—4u—3+B4u,kz 4u+1_+__.__+_B4’,/ '2—3_'_0('2)7

where BY'" = (4v+1)(4v +2) — (4k +1)(4k+2). Observing that By =0, Bi'™" #0
(v # k), we can choose Cy,, € C, n = 0,1, ..., k, satisfying C r = 1 in such a way

that )
L (902 3 Cenn(2)") = 02

near z = 0. Then, by (4.2.1) and (4.2.2),

Lr (KJO(Z)I/2 Zi: Ck,npo(z)zn) = 0(z — wy)
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also holds near z = w?. By this fact and the Liouville theorem, we conclude that

k k
Xin(2) = 00(2)/2 Y Crngo(2)™™ = p0(2)/* [ [ (90(2)* = O,
n=0 h=1
satisfies
L* (X (2)) =0,
which implies the proposition. 0

It is easy to see that

X! (2)  ph(2)  200(2)ph(2)
(4.3) Ym(2) = Xn(2) ~ 2p0(2) +h§::1 ©0(2)2 = bm,n

is a solution of (1.2).

In order to verify that there exists no periodic solution of (1.2) other than ., (z),
we examine another solution of (4.1). By the uniqueness of the solution of an initial
value problem associated with (4.1), every zero of X,,(z) is simple. Hence each
constant 0, satisfies 0., , # 0, O, p, # O i for © # h. It is easy to see that all
zeros are located symmetrically with respect to z = 0. Furthermore, X,,(2)? is a
doubly periodic function with periods (w{,w3). It follows from these facts and the
Liouville theorem, that

Xml(z)Z B % 2 X’;(T)2 <p°(z — )+ po(z+7) - 2@0(7)),

where Z denotes the set of all zeros of X,,(z) in
(4.4) Ag = {5107 + sowh | =1/2 < sy <1/2, =1/2 < 55 < 1/2}.

Then we have another solution of (4.1) written in the form

Yin(2) = Xon(2) / %&V _ _Xn;(z) EE:Z X;nl(T)z (Gole=m)+Go(z+7)+2p0(7))

(see Section 2). For the linearly independent solutions X,,(z) and Y,,(z), we have
the Floquet matrices

(1 05 o 0 po(7) 0 1 .
= (o ) m=s D AR DI one A

satisfying [w)]( X (2), Yin(2)) = (X (2), Yim(2)) Mj, where [w]] denotes the analytic
continuation along the segment [z, z + w§] (cf. Sections 2 and [4, Section3]). Note
that Z is written in the form

k

Z:ZOLJ(UZh)

h=1
with
Zy={r€Z|po(r) =0},
Zn = (s g € 2 pu(Em,-) = ~0,5, oo(kms) = 0,05},

m,h’
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LEMMA 4.2. We have
©0(7)

= 0.
X (1)?

TEZ

PROOF. Since every zero of X,,(z) is simple,

(4.5) ;?Z;::

TEZy

Observe that

2
X/ (h,2)” = p0(7h,2) - 400 (mh.£)00(Th,2)” T (90(7h,2) = Om.q)

q#h
= 4p0(1h,2)* (400(Th,2)* — 92) H (po(Th,2)” — 9m,q)2
q#h
= 4972n,h(49m,h - 92) H (gm,h - gm,q)2 - Fh 7£ Oa

q#h

and that
X;n(—Th,:t)z = Fh 7& 0

Hence we have

©o(T)
2
S Xa(7)

=15 ((90(mn,) + 90(m1,4)) + (90(=0,) + po(=7,4)) ) = 0.

(4.6)

From (4.5) and (4.6), the lemma immediately follows. O

By Lemma 4.2, we have d; = =21 > ., X, (7)7? (j = 1,2), which satisfy
(01,02) # (0,0). Indeed, if §; = d2 = 0, then (4.1) admits a nontrivial doubly
periodic solution which vanishes at each pole of pg(z), contradicting the Liouville
theorem. Let ¢ be the ratio

5_{ 01/d2, if 65 # 0,
o, if 65 = 0.

Now, we note the following criteria, which is proved by the same way as in the
proof of [4, Proposition 4.5].

LEMMA 4.3. If § ¢ Q, then there exists no periodic solution of (1.2) other than
(4.3). If 6 € Q, then every solution of (1.2) is purely simply periodic.

Since Y o, X/, (7)7? # 0, using Proposition 2.2, we have

(4.7) §=mni/ny =i.

Hence, by Lemma 4.3, there exists no periodic solution other than (4.3).
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4.2. Case m = 8k + 7. When m = 8k + 7, k = 0,1, 2, ..., we can construct a
solution of (3.1) expressible in the form

Xm(Z)Zpé(Z)(@ 2’“+ZCnpo )—po ﬁ ) = bm,n),

h=1

by an argument analogous to that for the case m = 8k + 3 (see also [4, Section 4]).
Then

v/ 7" k ,
(4.8) P (2) = X (2) _ 95(2) 4 Z M

Xn(2)  90(2) = p0(2)? = O

is a periodic solution of (1.2). By the same argument as in Section 4.1, we obtain
the Floquet matrices

~ 1 9, N ©0(7)
MJ:<0 1]>7 632 0 X, (T OZX, 97 .]_la2)a
T€EZ

where Z denotes the set of all zeros of X,,(z) in Ag (cf. (4.4)). Decompose the set
Z into

(4.9) Z:ZIU<OZIL)7

h=1
7' ={r| pi(r) =0} = {w/2,w5/2,w3/2},
Zh = {T ‘ po(T)2 = gm,h}-

Using the formulas

po(Wl/2) =g5"% /2. po(w3/2) = —g3"% /2. po(wl/2) =0,

~ k 2
X/ = 0§(9/2)” T] (905 /2)? = 1)
h=1
k
=03 [[(92/4—0mn)?  (i=1,2),
h=1
we have
@07'
4.10
(4.10) > %0

TeZ!
Furthermore, by the same argument as in the proof of Lemma 4.2, we have
(4.11) 2 o =1k,

TeZy X/ ( )

From (4.9), (4.10), (4.11) and Proposition 2.2, it follows that 6 = 0, /d5 = i. Hence,
applying Lemma 4.3, we conclude that there exists no periodic solution of (1.2)
other than (4.8).



RICCOALL DIFFBERNTIAL BEQUALTIONS Wil ELLIFP 11O CORPFICIERINDDS 11 J

4.3. Cases m = 8k + 5 and m = 8k + 9. When m = 8k + 5, (3.1) is written in
the form

(4.12) Lp(u) =0, Ly = (d/dz)* — (4k + 2)(4k + 3)po(2).

Then we have

PROPOSITION 4.4. For every k =0,1,2, ..., (4.12) admits a solution expressed as
k ~
(4.13) Wi(2) = p5(2)p0(2)™/* Y Crnioo(2)”

with ék,k =1.

Proof. We show the conclusion by induction on k. By (2.8) the function Wy(z) =
oh(2)po(2)~1/? satisfies (4.12) with & = 0. Suppose that, for k = 0,1,...,k — 1,
(4.12) admits a solution expressed as (4.13). By Proposition 4.1, for suitably chosen
constants C,, n = 0,1, ..., k, the function

X(2) = po( 1/220 po(2)™", Cp=1

satisfies
(4.14) X"(2) = (4K + 1) (46 + 2)po(2) X (2).

Differentiate (4.14) and put wy(z) = X'(z). Observing that

00 (2) _ we(z) —1/2 )2n /
oo(e) L) T g1 T POl Z ()7, Cu el

we have

Ln<wn<z>>=<4ﬂ+2><4n+3>po<z>(po 1/220" ) orec.

By supposition,

Ln (’LUK(Z) + ’YK—IWK—I(Z)) - Ln(wn(z)) + rYK,—].pH,K,—].pO(Z)WK,—l(Z)7
Pri—1 = (46 + 2)(4k + 3) — (4k — 2)(4x — 1) # 0.

Hence, if v,_1 = —(4k + 2)(45 + 3)Cl_1/pr,x—1, then

Ln(waz)m_lm_l(z))=<4m+2><4ﬂ+3>po<z>(po< (2 1/220<3>m 2)? )

=0
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Repeating this procedure we may choose v; (j =0,...,x — 1) in such a way that
Wi(z) = we(z) + Z o fyj ;(z) satisfies (4.12) with k = k. Thus the proposition
is verified. ]

We can write (4.13) in the form

Wi(2) = g6(2)00(2) /> T [ (90(2)* = Om.p),

which yields the solution 9, (z) = W/ (z)/Wy(z) of (1.2) with m = 8k + 5.
Next consider the case where m = 8k + 9, k = 0,1,2,.... It is easy to see that
Vo(z) = 6p0(2)% — 9g2/10 satisfies

V' (2) = 2090(2)Vo(2),

which means that Vj(z) is a solution of (3.1) with m = 9. Using this fact, from the
solution of (3.1) with m = 8k + 7 given in Section 4.2, we can derive a solution of
(3.1) with m = 8k 4+ 9 written in the form

k+1

Vi(2) = [ [ (90(2) = Om.n)

h=1

by the same argument as in the proof of Proposition 4.4. Then, ¢, (z) = V/(2)/Vik (%)
is a doubly periodic solution of (1.2) with m = 8k + 9. Furthermore, in both cases
m =8k + 5 and m = 8k + 9, we can also verify the non-existence of periodic solu-
tions of (1.2) other than 1,,(z) by the same way as in Section 4.1. This completes
the proof.
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