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Landau Level Spectroscopy by Optical Angular Momentum

A light is a kind of electromagnetic waves which travels while oscillating
the electric field and magnetic one. When a polarization direction is defined
by the direction of the electric field, there are various forms of polarization,
such as a linear polarization whose direction is in given direction, and a
circular polarization whose direction is rotating in the plane perpendicular to
traveling direction, among the other things. In particular, the circular
polarization has a handedness, which corresponds to a spin state of light in
quantum mechanics. Also, whereas the spin state of light can take only two
states, which labeled by integers +1, the spin state 0 (corresponds to the
longitudinal oscillation of electric field) is non-existence. Since Poynting’s
suggestion in 1909, it has well been known that the circularly polarized light
carries spin angular momentum equal to +% per a photon. Furthermore, after
about a century, it was suggested that a light can also carry an orbital angular
momentum, which can apply a torque to a material particle, in addition to
spin angular momentum by Allen et al. Because such a light forms a vortex-
shaped electric field distribution, it is called optical vortex (OV). Since then,
the application of the orbital angular momentum of light has actively been
studied.

However, whether the orbital angular momentum affects any
spectroscopic selection rules via optically induced electronic transitions is still
an open question. In 2002, Babiker et al stated that an exchange of the

optical orbital angular momentum does not occur in an electric dipole



transition, which 1s known as the dominant transition, in atoms and
molecules and that the optical orbital angular momentum is transferred only
to the center-of-mass motion. In fact, it is known that, although transferring
of the orbital angular momentum to atomic electrons from the optical vortex
beam via the electric quadrupole transition was reported, the electric dipole
transition has not been reported.

If the optical orbital angular momentum contributes only to the center-of-
mass motion in the electric dipole transition, an absorption process of a
photon by a free electron comes to us as the simplest idea. However, such
processes are forbidden not only to the optical vortex photon, but also to any
photons, because both the energy conservation and the linear momentum one
are not satisfied. Therefore, a bounded electron must be considered.

To avoid these two difficulties, it is naturally expected that two-
dimensional electron gas is good candidate. The two-dimensional electron gas
under the magnetic field has discretized energy spectrum, so-called Landau
level, because of its cyclotron motion. Also, if the electron system has an axial-
symmetric distribution, the orbital angular momentum becomes a good
quantum number and the Landau level depends on it. Therefore, this electron
system can be excited by absorption of an angular momentum. For these
reasons, in this dissertation, we performed the theoretical investigations to
confirm if these concepts are applicable to a non-interacting two-dimensional
electron gas under a magnetic field. In particular, we investigated the optical
conductivity (induced photocurrent) and the selection rules by irradiating the
two-dimensional electron gas in the magnetic field with the circularly
polarized Bessel-mode optical vortex beam.

This dissertation is organized as follows. In Chapter 1 “Introduction”, we
described the previous studies and the known issues as outlined above.

Since a light is an electromagnetic wave, it is described by a vector
potential. In Chapter 2 “Optical Vortex”, we reviewed the derivation and the
physical properties of a circularly polarized Bessel-mode optical vortex beam.
In Sec. 2.1, after the derivation of the fundamental equation of lights, namely,
Helmholtz equation, we derived the scalar solutions possessing a degree of
freedom of orbital angular momentum from the Helmholtz equation. This
scalar solution describes the intensity profile in the radial direction, which is
described by a Bessel function. This is the origin of the name of the Bessel-
mode optical vortex. After that, to describe the circularly polarized light, we
generalized the scalar solutions to the vector solutions. In the vector solutions

of the Helmholtz equation, the good quantum number is not the orbital and



spin angular momentum but rather the total angular momentum. The
paraxial approximation, where the light ray propagates almost along the
optical axis, is crucial separately to conserve the orbital and spin angular
momentum of light. Then, we applied the paraxial approximation to the
vector solution of the Helmholtz equation. Furthermore, we described the
remarkable features of optical vortex: the phase singularity and the annular
distribution. In Sec. 2.2, we outlined the physical properties of the optical
vortex beam: the electric field, the magnetic one, the Poynting vector, and the
energy density.

In Chapter 3 “Two Dimensional Electron Gas”, we reviewed the two
dimensional electron gas under the strong magnetic field. First, after we
described the classical motion of the electron in the magnetic field in Sec. 3.1,
we treated it in quantum mechanical framework. Then, in Sec. 3.2, we derived
the Landau levels with the degree of freedom of orbital angular momentum
and its wavefunction. In Sec. 3.3, we saw the structure of energetic
degeneracy of Landau levels. Its degeneracy is determined by a system size.
Thus, a filling factor is defined. In Sec. 3.4, we saw the density of states for
two-dimensional electron gas in the magnetic field, which describes the
number of states per unit energy and per unit volume. After that, we saw the
relation between the effective mass, which plays important role in
measurements, and cyclotron motion in Sec. 3.5. In Sec. 3.6, we described the
coherent states of two-dimensional electron gas in the magnetic field, which
plays crucial role to translate its quantum picture to its classical one. The
coherent states are given by the displacements of a Gauss wave packet to
arbitrary positions by a displacement operator. We saw that the superposition
of the coherent states over the whole system results in the absence of bulk
currents due to the cancelation of the cyclotron (micro) circular currents and
the localization near the edge.

Chapter 4 “Landau Level Spectroscopy by OV” is a central thesis of this
dissertation. In this chapter, we discussed the induced photocurrent and the
selection rules by irradiating the two-dimensional electron gas in the
magnetic field with the circularly polarized Bessel-mode optical vortex beam.
We devoted Sec. 4.1 to the brief review of two-dimensional electron gas on the
circular disk geometry. If the interaction between the optical vortex beam and
the electron is relatively weak, the OV-induced current can be treated by a
perturbation theory. Thus, because Kubo’s linear response theory is
applicable to our discussion, we obtained the expression the OV-induced

currents in the electric dipole transition by the linear response theory.



Moreover, we also obtained the selection rules to induce the photocurrent by
the absorption processes of optical vortex photon by the electron. When the
orbital angular momentum of light and the spin one are denoted by £and g,
respectively, we obtained two possible combinations: /=2 and 0=-1or /=0
and o= 1. While the case with £= 0 and 0= 1 corresponds to the well-known
optical transitions by the circularly polarized light, the case with £{= 2 and o
= -1 1s a characteristic result due to the optical orbital angular momentum.
Similar to the discussion in Sec. 3.6, we demonstrated that the optically
induced current is localized near the edge of the sample due to the
cancellation of OV-induced currents flowing in the bulk of system (also see
Appendix F). Besides, we demonstrated that the photocurrent disappears
when the dark rings of the Bessel beam coincide with the edge of the sample.
This phenomenon can be measured by varying magnetic field with keeping
the chemical potential in the energy gap of Landau levels and without
modification to the optics system. We here note that, since the energy gap
between each Landau level varies with the strength of the magnetic field, we
need to tune the wavelength of vortex beam to induce the cyclotron resonance
(the excitation between each Landau level) due to the energy conservation. In
Sec. 4.3, we discussed the magnetization induced by OV-induced current. If
the OV-induced current is carried by only the edge (circular) current, the
orbital magnetization can be induced by the edge circular current. To see this,
we saw that the vector potential describing a magnetic field induced by an
electric current is separately contributed from a bulk current part and an
edge (surface) one. Thus, it suggests that the magnetic field dependence of
the OV-induced orbital magnetization would behave in the same behavior as
the OV-induced current. Thus, it is expected that the orbital magnetization
also disappears when the dark rings of the beam coincide with the edge of the
sample.

In Chapter 5 “Proposal of Experimental Scheme”, we proposed the possible
experimental scheme to confirm our consequences. First, we devoted Sec. 5.1
to give an introduction to the generation of optical vortex beams. Since we
have assumed the ideal situation, impurity-free and spinless model in
Chapter 4, we discussed the influence of disorders and the electron spin to
experiments in Sec. 5.2. In Sec. 5.3, we described the examples of the possible
experimental setup to confirm our consequences.

We here special mention that, to check the present theoretical scheme
from more general viewpoints, we generalized the dipole coupling scheme to

general multipolar couplings in Appendix H “Multipolar Transitions by OV”.



Generally, the interaction of a matter with an electromagnetic field is
described by a minimal-coupling which is given by the inner product of a
current operator and a vector potential. In Sec. H.1, by the multipolar
expansion of the current operator and the vector potential of the optical vortex,
we obtained the general expressions for the multipolar transitions. When we
know the symmetry of materials, we may assume the current distributions.
Then we can know the spectroscopic selection rules beyond the dipole
transition. As an example, when we assume the current distribution
corresponds to our model in Chapter 4, we confirmed the present results by

regarding the dipole coupling as the special case.
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