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Abstract

This dissertation summarizes the research results on the solution of Fermat type
functional equations, () f* + f + --- + fi* = 1 where n and k are positive
integers, see [17], [10]. Our focus is on equations of the form (x) where it is not
known whether there exist non-constant solutions in one or more of the following
four classes of functions: meromorphic functions, rational functions, entire func-
tions, polynomials.

To explain the contents, in Chapter 2, we summarize the mathematical tools used
in this dissertation. It also includes properties for rational functions.

In Chapter 3, the Fermat type functional equations (xx) f™ + g™ + h™ = 1 are
considered in the complex plane. Alternative proofs for the known results for en-
tire and meromorphic solutions to () are given. Moreover, some conditions on
degrees of polynomial solutions are given.

In Chapter 4, the Fermat type functional equations (x) are considered in the
complex plane. For such equations, we obtain estimates on Nevanlinna functions
that transcendental solutions of (%) would have to satisfy, as well as analogous
estimates for non-constant rational solutions. As an application, it is shown that
transcendental entire solutions of () when n = k(k — 1) with & > 3, would have
to satisfy a certain differential equation, which is a generalization of the known
result when k£ = 3. Alternative proofs for the known non-existence theorems for
entire and polynomial solutions of (x) are given. Moreover, some restrictions on
degrees of polynomial solutions are discussed.
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Preface

Human beings may be said to have lived with numbers. Replacing objects with
the concept of numbers and counting is thought to have led to natural numbers,
and the concept of numbers has expanded over time. Simultaneously, of course,
the concept of numbers in problems has been broadened. The problem of Fermat
type functional equations, which is the subject of this dissertation, can be consid-
ered as a problem involving such properties.

The problem we are working on in this dissertation is whether there exist mero-
morphic and entire functions fi, fs, ..., fr which satisfy the Fermat type func-
tional equation

frafi++fi=1

where n > k > 2 are integers, see e.g. [9], [13].

Here, we would like to explain a little about the historical background related to
this issue. Looking at the problem from the perspective of expanding the concept
of numbers, as the name Fermat type functional equations suggest, the starting
point of the problem is Fermat’s Last Theorem of the famous French Pierre de
Fermat. He wrote in the margin of the book Arithmetica by the ancient Greek
mathematician Diophantus in the 1630s, "Equation 2" + 3" = 2" xyz # 0 and
n > 2. There is no set of natural numbers (z,y, z) that satisfies this equation. I
have discovered a truly marvelous demonstration, which this margin is too narrow
to contain.” is later known as Fermat’s Last Theorem. Fermat’s Last Theorem has
long been considered by mathematicians and math enthusiasts because of its ease
of understanding, but it has been regarded as an unsolvable problem. This was
fully proved by Andrew John Wiles of the United Kingdom in 1995. It has been
330 years since Fermat died.

The genealogy of Fermat’s Problem is that in 1770, Edward Waring of the United
Kingdom proposed Waring’s problem, “Given a positive integer k, does the equa-
tion n = 2§ + % + - - - 4+ 2% hold for every integer n, where s depends on & but not
on n? If so, what is the smallest value of s for a given k?” Waring’s problem was
positively proved by David Hilbert of Germany in 1909. Waring’s problem with
polynomial was also treated as similar to classical Waring’s problem, see e.g. [20].
Also, in Gross’s paper in 1966 [4], we can see the extension of the function of the



solution to the Waring’s problem to meromorphic functions solution.

In 1985 and 2014, Hayman of the United Kingdom published the paper that ar-
ranged the format of the problem so far. Among them, Fermat type functional
equations are mentioned, see e.g. [9], [13], [14].
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Chapter 1

Introduction

Fermat’s Last Theorem: For natural numbers n of 3 or more, there is no set of
natural numbers (z, y, z) such that ™ +y" = 2. Despite the challenges of many,
Fermat’s Last Theorem could not be solved for a very long time, but was finally
proved by Andrew John Wiles in 1995. The problem of the Fermat type func-
tional equation, which is the problem in this dissertation, has a shape very similar
to Fermat’s Last Theorem. However, the difference is that the number of terms
and the types of functions considered as solutions are widespread. What’s more,
this is the most important point, but it’s also different in that there are still open
questions left.

The Fermat type functional equation is described below. (x) '+ f3'+-- -+ fi =
1, where n and k are positive integers. Our focus is on equations of the form (x)
where it is not known whether there exist non-constant solutions in one or more
of the following four classes of functions: meromorphic functions, rational func-
tions, entire functions, polynomials.

This dissertation summarizes the results of our research on the solutions of such
Fermat type functional equation. Specifically, this dissertation is integrated by
adding the necessary items with the main contents of the papers [17] and [10]
submitted and published in "Computational Methods and Function Theory” and
“Proceedings of the Edinburgh Mathematical Society”. The topics in each chapter
are explained below. In Chapter 2, we provide basic knowledge about the range
of complex functions used in this dissertation, Nevanlinna theory and Wronskian.
It also defines unique notations and properties for rational functions. In Chapter
3, the Fermat type functional equations (xx) f™ + ¢" + h" = 1 are considered
in the complex plane. Alternative proofs for the known results for entire and
meromorphic solutions to (xx) are given in Corollary 3.4 and Corollary 3.2, re-
spectively. Moreover, some conditions on degrees of polynomial solutions are
given in Proposition 3.1.

In Chapter 4, the Fermat type functional equations (x) are considered in the
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complex plane. For such equations, we obtain estimates on Nevanlinna func-
tions that transcendental solutions of (x) would have to satisfy in Theorem 4.2, as
well as analogous estimates for non-constant rational solutions in Theorem 4.1.
As an application, it is shown that transcendental entire solutions of (%) when
n = k(k — 1) with & > 3, would have to satisfy a certain differential equa-
tion in Corollary 4.1, which is a generalization of the known result when k£ = 3.
Alternative proofs for the known non-existence theorems for entire and polyno-
mial solutions of (k) are given in Corollary 4.1 and Corollary 4.2, respectively.
Moreover, some restrictions on degrees of polynomial solutions are discussed in
Lemma 4.3 and Proposition 4.1. We give an example of the case £ = 3, n = 3
and deg f = deg g = deg h = 3 of polynomial solutions of (*).



Chapter 2

Preliminaries

In preparation for reading this dissertation, we explain an overview of the rele-
vant parts of complex functions, Nevalinna theory, Wronskian and properties for
rational functions. In summarizing this section, we referred to references [1], [26]
for complex functions, references [12], [21], [23] for Nevanlinna theory and ref-
erence [21] for Wronskian. For more details, check the references.

2.1 Complex Functions

Analytic Functions

If the derivative f'(z) exists at all points z of a domain D, then f(z) is said to be
analytic in D and is referred to as an analytic function in D or a function analytic
in D. The terms regular and holomorphic are sometimes used as synonyms for
analytic.

A function f(z) is said to be analytic at a point 2 if there exists a neighborhood
|z — 29| < 4, at all points of which f’(z) exists.

Laurent Series

Suppose that f(z) is single-valued and analytic in the ring-shaped region £ =
{r1 < |z—a| < rq}. Let C be an arbitrary circle in F centred at . We can expand
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f(z) as
f(z)=ao+a1(z—a)+a2(z—a)2+-~-+Zaja+ (Za_2>2 + -
00 . oo oy, 00 .
— ;an(z—a) +;—(Z_ e :nz_:ooan(z—a) ,
where
an—L 1) d¢ n=0,=+1,+£2 ...

" 21 Jo (C— )T

Pole and Zero

A point at which f(z) fails to be analytic is called a singular point or singularity
of f(z). Various types of singularities exist.
Isolated Singularities. The point z = z; is called an isolated singularity or iso-
lated singular point of f(z), if we can find 0 > 0 such that the circle |z — zo| = ¢
encloses no singular point other than 2, (i.e. there exists a deleted ¢ neighbor-
hood of z; containing no singularity). If no such ¢ can be found, we call z, a
non-isolated singularity.

If 2, is not a singular point and we can find 0 > 0 such that |z — zy| = J encloses
no singular point, then we call zy an ordinary point of f(z).
Pole. If z; is an isolated singularity and we can find a positive integer n such that
lim, ., (z — 20)" f(2) = A # 0, then z = 2 is called a pole of order n. If n = 1,
2y 1s called a simple pole.
Zero.If g(z) = (2 — 29)" f(z), where f(z) # 0 and n is a positive integer, then
z = z is called a zero of order n of g(z). If n = 1, 2 is called a simple zero. In
such a case, z is a pole of order n of the function 1/¢(2).

Polynomials

Polynomials are defined by
P(z) = apz" + a1 2" '+ ap_1z +ay

where ag # 0, a4, - , a,, are complex constants and n is a positive integer called
the degree of the polynomial P(z).
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Rational Functions

Rational functions are defined by

_ P()
Q(z)
where P(z) and Q)(z) are polynomials. This function is analytical except for the

point Q(z) = 0. Here, it is assumed that the common factor of P(z) and (=) has
already been eliminated.

Entire Functions

A function that is analytic everywhere in the finite plane (i.e. everywhere except at
00) is called an entire function. The functions €7, sin z, cos z are entire functions
for example.

Meromorphic Functions

A function that is analytic everywhere in the finite plane except at a finite number
of poles is called a meromorphic function. For example, 2/((z—1)(z+3)?), which
is analytic everywhere in the finite plane except at the poles z = 1 ( simple pole
) and z = —3 ( pole of order 2 ), is a meromorphic function, and I' function is
analytic except at the poles 0, —1, =2, - -

In this dissertation, ‘meromorphic’ means meromorphic in the whole com-
plex plan C, and we consider meromorphic functions by dividing them into flow-
ing four sets, depending on whether there is a pole or not, and whether it is tran-
scendental.

M:: Set of transcendental meromorphic functions having at least one pole

R: Set of rational functions having at least one pole

E': Set of transcendental entire functions

P: Set of polynomials

2.2 Nevanlinna Theory

In this dissertation, we use standard notations in the Nevanlinna theory. There-
fore, the related items are summarized below, see e.g. [12], [21], [23].
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Definition 2.1 (Unintegrated counting function)
Let f be a meromorphic function, not being identically equal to a € C. Let
i(z,a, f) denote the multiplicity of an a-point of f at z. Then we define

n(r,a,f):n( ! )zn(r,a): S i(sa. ),

r,
f —a |z|<r

f(z)=a

i.e. n(r,a, f) counts the number of the roots of f(z) = ain |z| < r, each root
according to its multiplicity. For the poles of f, we define similarly

n(r,00, f) =n(r, f) =n(r,00) = Y i(z,00,f).
|2|<r
f(z)=00

Another method of counting the number of poles is to count all the multiplicities
as 1, or to count only the poles having an order of 2 or more. The number of such
counting methods is as follows

n(r,00, f) = (r. ) =7lr,00) = 3 1,
|z|<r
f(z)=00

nl(r,oo,f) :n1<7'7f> :nl(r,oo),
=n(r,f)=n(r,f)= Y (i(z00,f) = 1).

|z|<r
f(z)=0c0

Definition 2.2 (Counting function)
For a meromorphic function f, we define

) :/’”n(t,a,f);n(ova’f) dt +n(0,a, f)logr
0

1
N<T7a’7f) = N (TJ f—a
supposing f % a € C, and

N(r, f) = /r n(t, /) ; n(0, ) dt + n(0, f)logr.

0

Further, corresponding to other methods of counting poles

N f) = /O n(t, f) . 2O 4t 47w (0, f) g

0

and

Nl(r>f) :N<T7f)_N<T7f)'
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Definition 2.3 (Proximity function)
For any real number o« > 0, we define

log* a = max{log a, 0}.

For a meromorphic function f, we define

2m
m(r,a,f):m(r,fia) :%/0 log*

supposing f(z) # a € C, and

1
fre?) —a

do

2
mir. 1) = o- / log* |/ (re®)| db.

Definition 2.4 (Characteristic function)
The characteristic function of a meromorphic function f is defined as

T(r, f) =m(r, f) + N(r, f).

The order o(f) of growth of a meromorphic function f is defined by

log T
o(f) = limsup og—(r,f).
r—00 10g r

By definitions, we may write

m(r,a,f)—i—N(r,a,f):T<r,fia>.

Theorem 2.1 (The first main theorem of Nevanlinna)
Let f be a transcendental meromorphic function and let a € C. Then

Tmﬂ:TGg >+mm as r — oo.

1
f—a

Let f be a transcendental meromorphic function, we denote by S(r, f) any
quantity that satisfies S(r, f) = o(T'(r, f)) as r — oo, possibly outside a set of r
of finite linear measure. When a meromorphic function a(z) satisfies 7'(r,a) =
S(r, f), a(z) is said to be a small function with respect to f(z).
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Lemma 2.1 Let f be a transcendental meromorphic function. Then

m(n %) =0

and if f is of finite order of growth, then

m (n %) = Otogn)

Theorem 2.2 (The second main theorem of Nevanlinna)
Let f be a transcendental meromorphic function, let ¢ > 2 and let a4, . .., a; € C
be distinct complex numbers. Then

)+ Som (v ) e+ (n 1)
<M (e, f) + 5(.1).

Proposition 2.1 Let f, f1,- - , f,, be meromorphic functions and o, 3,7,6 € C
such that ad — 3y # 0. Then

(a) T(T’7 fl o fn) S Z?:l T(Tv fl) fO”'T Z 17
(b) T(r, f")=nT(r,f), n €N,
(c) T(r,y 0 fi) <> T(r, fi) +logn  forr>1,

af + 08
"yf+0

assuming f(z) £ —4d/7.

(d) T (r ) =T(r, f)+ O(1),

2.3 Wronskian

Definition 2.5 (Wronskian)
The Wronskian W (f1, fa, -+, fn) of the meromorphic functions f1, fa, -, fn
is given by

fl f2 fn
b o 1
W(fl?an"'?fn): :1 :2 . :
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Moreover, we denote, forv =10,--- ,n — 1, by
WV(flana e 7fn)
the determinant which comes from W (f1, fo,- -, fu) by replacing the row (fl(u), fg(y), AR féy))

Proposition 2.2 Let f1, fa, - , f, be meromorphic functions. Then W (f1, fo, -, fn)
vanishes identically if and only if fi, fo,--- , [, are linearly dependent over C.

Proposition 2.3 Let f, f5,--- , f, be meromorphic functions and cy,co,- - ,Cy
be complex numbers. Then

(a) W(cifi,cafo, -+ cnfn) =crca- - ciW(f1, fo, -, [n)-

n—1

(b) W(l,z,--- ,h,g) =g,
(c) W(fbf%'" 7fn71) = (—1)”W(f{,fé, 7f7,1)
(d) W(gfl7gf2a 7gfn) :gnW(flaf27 afn)

e (£ (5
) W(fl’fQ"”’f”)_flw((fl) ’ (f))

2.4 Properties for Rational Functions

We prepare some notations for rational functions, and give a lemma in the remain-
ing part of this chapter. Let R be a rational function. Let n( R) denote the number
poles of R in C, where each pole is counted the same number of times as its multi-
plicity. Write R = Ry /Rp, where Ry and R, are relatively prime polynomials.
Obviously, we have n(R) = deg Rp. Define

m(R) = max(deg Ry — deg Rp, 0). (2.1)
Using n(R) = deg Rp, we see that
deg R = m(R) +n(R) (2.2)

and for any a € C

1 1 1

Concerning the properties of m(R), we mention the following lemma.
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Lemma 2.2 Let P be a polynomial, and let R and () be rational functions. Then

(i) For any non-negative integers j > k, either deg P < k or it holds

P

(i) We have

m(RQ) <m(R)+m(Q) and m(R+Q) < max(m(R), m(Q)). (2.5)

Proof of Lemma 2.2 (i) Since deg PY) < deg P*) when deg P > k, by
definition we obtain (2.4).

(i) We write R = Ry/Rp with relatively prime polynomials Ry and Rp,
and Q = Qn/Qp with relatively prime polynomials @) 5 and ) p. We have

m(RQ) =m (RNQN> = max ((deg Ry + deg Qn) — (deg Rp + deg @p), 0)
RpQp

< max(deg Ry — deg Rp, 0) + max(deg Qn — degQp, 0)
=m(R) +m(Q),

which shows the first inequality in (2.5). For the second inequality in (2.5), we
estimate

m(R+Q)=m (RNQD + RDQN)

RpQp
< max (max(deg Ry + degQp, deg Rp + deg Qn) — (deg Rp + deg Qp), O)

< max (max(deg Ry —deg Rp, 0), max(deg Qn — deg Qp, O))
= max(m(R), m(Q)).
We have thus proved Lemma 2.2. [

Remark 2.1 Let R be a rational function. We have m(R") = nm(R) for all
n € Nand m(cR) = m(R) for all ¢ € C\{0}. These properties will be used in
the proofs of Theorem 3.2 and Corollary 3.3 in Chapter 3 below.



Chapter 3

Case f"+4¢"+h" =1

3.1 Background of Case /" + ¢" + h" =1

In Chapter 3, we are concerned with the problem whether there exist non-constant
entire and meromorphic functions f, g and h which satisfy the Fermat type func-
tional equation

f"+g"+hr" =1, (3.1)

where n > 2 is an integer.

It has been determined for which positive integers n, the functional equation
f™ 4+ g™ = 1 has non-constant entire and meromorphic solutions f and g, see
e.g. [2], [3], [7], [9], [14]. Hence, we assume in (3.1) that f”, ¢" and h™ are lin-
early independent, otherwise (3.1) reduces to f" + ¢" = 1.

We know that there exist solutions of non-constant rational functions to (3.1)
when n < 5, and know that there do not exist non-constant rational functions sat-
isfying (3.1) when n > 8.

For the cases n < 3, we know that there exist non-constant polynomial solutions
to (3.1), and there do not exist non-constant polynomial solutions to (3.1) when
n > 6.

To our best knowledge, the cases n = 7 and 6 for solutions of non-constant ra-
tional functions, and the cases n = 5 and 4 for non-constant polynomial solutions
are still open, see e.g. [8], [9], [19].

Example 3.1 We recall examples for n = 4 and n = 5. Let a(z) # 0 be a
meromorphic function, where ‘meromorphic’ means meromorphic in the whole

16
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complex plane C. The following functions

1) = g (0 + ) ot = o (- 5.

h(z) = v/—1 a(2)? (3.2)
satisfy (3.1) for n = 4, and functions
1 2++6
f) =3 ((2 —V6)a(z) +1+ ) ) : (3.3)

g(z) = é( ((\/6 —2)+(3v2 - 2\/§)Z> a(z) +2

_(V6+2) —a((z;/§+2\/§)z')7 )
( ((JB —2) — (3v2 - 2\/§)i> a(z) +2

 (V6+2) +a((?;;/§ + 2\/§)z'> 35)

h(z) =

| =

satisfy (3.1) for n = 5, see [6], [7], [9], [11].

Example 3.2 Regarding the case when n = 6 in (3.1), we have examples three
transcendental meromorphic functions f, g and h.

In [5], Gundersen constructed the example for the case n = 6 by the following
algebraic identity, and by Rellich’s result on elliptic functions, see e.g. [15], [25], [28].

Lemma 3.1 If ¢ and b are any two constants, then

6 6 _ oo 3 4.0 Ly 4. o3
(a—0)°+ (a+Db) —(14—?7,)(@ +(g—gz)b) +(1—?z)(a + (= + =9)b°)”.

Theorem 3.1 Let Q3(2) be a polynomial of degree three that has three distinct
zeros. Then every non-constant solution F' of the differential equation

(F')* = Qs(F) (3.7)
is an elliptic function.

Setting a rational function as a in Example 3.1, we ascertain that there exist
solutions of non-constant rational functions to (3.1) when n = 4 and 5.
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Concerning transcendental cases for (3.1), there exist transcendental mero-
morphic solutions to (3.1) when n < 6, see [5], and know that there is no tran-
scendental meromorphic solutions to (3.1) when n > 9, see [9], [13]. For the case
n < 5, we know that there exist transcendental entire solutions to (3.1), and there
is no transcendental entire solutions to (3.1) when n > 7. Setting an entire func-
tion of the form e“ with an entire function « as a in Example 3.1, we ascertain
that there exist transcendental entire solutions to (3.1) when n = 4 and 5. The
cases n = 8 and 7 for transcendental meromorphic solutions, and the case n = 6
for transcendental entire solutions are still open, see e.g. [8], [19].

In [16], Ishizaki investigated transcendental solutions to (3.1) and obtained
alternative proofs of the known results for transcendental meromorphic and entire
solutions. Ishizaki also obtained that transcendental meromorphic solutions to
(3.1) for n = 8 and transcendental entire solutions to (3.1) for n = 6 satisfy some
differential equations if such solutions exist.

We recall the differential equations that solutions of (3.1) satisfy, and we in-
troduce auxiliary functions in Section 3.2. Preliminary lemmas are mentioned in
Section 3.3, and we give their proofs. Section 3.4 devotes to estimates on poles
and zeros of solutions to (3.1). We are concerned with meromorphic solutions to
(3.1) in Section 3.5 and with entire solutions to (3.1) in Section 3.6, and we state
the main theorems. We apply them to (3.1) in order to give alternative proofs of
the known results in both Sections 3.5 and 3.6, respectively. In Section 3.7, we
give conditions on degrees of polynomial solutions for n < 5 if such solutions
exist.

We summarize the situation for £ = 3 in Figure 3.1.
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Fig. 3.1: Known Results for f" 4+ ¢" + A" =1

N <
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3.2 Differential Equations

For functions fi, fs, ..., fn, n > 2, we denote by W (fi, fa,..., f,) the Wron-
skian of fi, fa,..., f.. We assume that there exist functions f, g and h which
satisfy the functional equation (3.1). For the sake of simplicity, we put [ = F,
g" = G and h™ = H, and define

1 1 1
G H
wwraem |G H
A:%: F G HI- (3.8)
F// G// H//
F G

Using (3.1), we have

G'" H H F F' G
A_|G @l |7 F| |F @
G H H F F G

(FG/H//+F/G//H+F//GH/) _ (FG//H/+F/GH//+F//G/H)
FGH

(FG’(—F” G+ FIG"(1— F —G) + F'G(—F — @)

+ +

1
~ FGH
_ (FG//(_F/ . G/) + F/G(—F” . G//) + F//G/(l I G)))
1 /FqG" '’
- E( FG F—G)
) 2 2
_1r F
H|G G
[eel
W(F',G")
FGH
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Then
F &
W(F,G) 1|F G| dra
A= == = :
FGH  H|F" G"\ H oY
F G
G H
_W(G’7H’)_ 1l H _5GH
- FGH  F|G" H'|TF G40
G H
/ F/
_WHLF) _1\H F|_nr 3.11)
FGH ~— G|H" F'|” G- '
O F

It follows from (3.8) and (3.9),

W(F,G, H)=W(F,G)
F G
F// G/I
— Fq" — F'q

— nf/fn—1n<g//gn—1 + (n . 1)g/g/gn—2) _n<f//fn—1 4 (TL o 1)f/f/fn—2>ng/gn—1
— 0272072 ((n = V)9 (g = ['9) + fo(S's" = 1)

= 2722 (0 = V) dW(fg) + FoW (F,g)

Hence

W(F,G,H)=W(f" g", h")
— anan.gan‘/l — n2gn72hn72‘/2 — ,’,112hn72fn72‘/37 (312)

where
Vi=(n-10fgW(f,g)+ fgW(f'q), (3.13)
Vo= (n—1)g'W'W(g,h) + ghW(g',h) (3.14)
V= (n— 1N fW(h, f)+hfW(, ). (3.15)
We write

W(F,G H)=W(f" g", h") =n?f"2g" 2h"2V. (3.16)
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Then we have,

Vi=h"?V, Vo= [V, Vi=g"%V, (3.17)
and we write
‘/1 1 !/ ! /
V= s = (n=1)f'dW(f,9)+ faW ([, g ))
f*¢ Iy 1
— 5 I (=05 = o)+ (9 = )
Lo e (1) (27)
h»=2 fg f g I
2.2 // 1 1 1 1 2 2
:;:ngz'];g (n—l g+ g _gn = g (3.18)
fyg A
Similarly,

V. 212 1 1 1 1 1 27,2
V:friz:]gcn—fgh (n—1) g_’ E‘i_g_” h_” :chn_zngh (3.19)
9 g h g N

V. B2F2 B 1 1 1 1 B2 f2
e e (LRI A R L) e
h f h/ f/
(3.20)
By (3.8) and (3.16), we have

n?V = f2¢*h*A. (3.21)

Furthermore, it follows from (3.18) to (3.20),
ve = oloh T (3.22)

fnf6gnf6hn76'

When f, g and h are polynomials, a polynomial W (F,G, H) has factors
[ 2g" 2, g"2h"=2 and h"~2f"~2 by (3.12). This implies that W (F, G, H) has
a factor f"2¢g"2h"~2, and hence V is a polynomial. Considering the case f, ¢
and h are transcendental entire functions, we similarly obtain that 1/ is an entire
function. In particular, V' reduces to a small function with respect to f, g and h
when n = 6 if such solutions exist, see [16, Proposition 6.1]. It is known that there
exist transcendental entire solutions to (3.1) when n < 5. We explicitly compute
V' of the solutions mentioned in Example 3.1.
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Example 3.3 For the solutions f, g and A to (3.1) given by (3.2), we have
V = —24a(ad’)’. (3.23)

This implies that V' is not a small function in general with respect to f, g and h
in this case. Consider the solutions f, g and h to (3.1) given by (3.3) to (3.5).
We set a = e® with an entire function a. Then we ascertain that f, g and h are
transcendental entire solutions. We have

T (a—/)g—ﬁ(a’f (3.24)
S VB\ae) VB '

which is a small function with respect to f, g and A in this case.

In general, V' is a rational functions function when f, g and h are solutions of
rational functions to (3.1) if such solutions exist, and V' is a meromorphic func-
tions function when f, g and h are transcendental meromorphic solutions to (3.1)
if such solutions exist. In particular, V' reduces to a small function with respect
to f, g and h when n = 8, see [16, Proposition 5.1]. We give the definition of a
small function with respect to f, g and h later in Subsection 3.5.2.
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3.3 Preliminary Lemmas

We first recall certain elementary properties of the Wronskian. Let © # 0 and
v # 0 be meromorphic functions. Define

Suppose that » has a zero at zy of multiplicity v. Then we may write in a neigh-
bourhood of 2, by the Laurent expansions.
U(Z) = CLV<Z - ZO)V + ay 1 (Z - ZO>V+1 + al/+2(z - ZO)V+2 T
u'(2) = va,(z — 20)" '+ v+ Dayyi(z — 20)” + (V + 2)ay0(z — 20) T 4 - -
v(v —Da,(z — 2)" 2+ (v + Dvayp(z — 2)" "
+ v +2)(v+1ayo(z —20)" + - -

Then we have

u'(z)  wvay(z—20)""" + W+ Daysi(z — 20)" + (v +2)ayi2(z — 20)" T + - -
u(’z) CL,/(Z - ZO)V + CL,/+1(Z — Zo)l""'1 + au+2<z _ ZO)V+2 + ...

+1la, 2a,
Va,,(z—zo)”_1<1+y_a +1 v+ a+2(2_20)2+_”>

Ay ay
a,(z — zo)”(1+ (2= 20) + 22 (2 — 2)? +>

(Z—Zo) +

v v Qy

a, a,,
R 1
(Z—Z()) 1+au+1<z_zo)+@u+2(z_20)2+,,,
ay ay
a, a,
.<(1+ 2= 2) + +2(z—zo)2+-~)
a, a,
la, 2a,
(S o=z + 2 +2(z—zo)2+--->>
vV oa, vV oa,
(z — 20) )

Similarly,

u’(z)  v(v—1)

u(z) (2 — z)?
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Suppose that u has a pole at z, of multiplicity ;. Then we may write in a neigh-
bourhood of 2, by the Laurent expansions.

u(z) = (z = zo)r + (= Z:))“’l + G- 2;))“*2 ..
U(2) = —HCy —(LL — 1)0“_1 —(Iu — 2)Cu—2 .
) (2 — 20)rtt (z — z)H (z — 2)i 1 +
oy = et e (= Dpe (p=2)(p—1)6—
(=) (z — 2z9)1t2 (z — z9)#t1 G — )" +

Then we have
M —(p =11 | (B —2)cus
, + + -
u'(z) (2= z)Ht (2 — 20)" (2 — 2zo)!

U(Z) - Cu Cu—1 Cu—2
(EE I Fn Tl P T

— —1¢,_ —2¢,_
Hey, <1+M Cu 1(2—20)—}-”—6“ 2(2_20)2+___>

_ (2= =)*! K G K S
- Cu < Cu—1 Cp—2 )
1 — R V2
= ) + . (z —20) + o (z —20)% +
__TH 1
(2 — 20) 1—|——C”_l(z—zo)+—C“_2(z—zo)2+~--
Cu Cu
Cp Cpu
-((1+“—1(z—zo)+“—2(z—zo)2+---)
Cy Cu
—lc,_ —2c¢,_
(T )+ R o ) )
% C,u % CM
—H
(z — 20)
Similarly,
u'(z) _ plp+1)
u(z) (2= 2)?
Lemma 3.2

(1) Suppose that zy is a pole of u, or a zero of u. If zy is neither a zero nor a
pole of v, then § is analytic at zy or has a pole at zy of multiplicity at most
2.

(i1) If zo is a pole of u, and zy is a zero of v of multiplicity at least 2, then ¢ has
a pole at zy of multiplicity 3.
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(iii) Suppose that zy is a pole of u of multiplicity k., and a pole of v of multiplic-
ity k,. If k, = k., then ¢ is analytic at zy or has a pole at z, of multiplicity
at most 2. If k, # k., then 6 has a pole at zy of multiplicity 3.

(iv) Suppose that zy is a zero of u of multiplicity m,, > 2, and a zero of v of
multiplicity m,, > 2. If m,, = m,, then J is analytic at zy or has a pole at z

of multiplicity at most 2. If m, # m,, then ¢ has a pole at zy of multiplicity
3.
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3.4 Estimates for Poles and Zeros of f, g and h

Let w be a meromorphic function. If zj is a pole of multiplicity p (> 1) for w(z),
then w(zp, w) = u, and if w(zy) # oo, then w(zp, w) = 0. The aim of this section
is to obtain the following lemmas.

Lemma 3.3 Suppose that n > 8 in (3.1), and suppose there exist non-constant
meromorphic functions f, g and h satisfying (3.1). Let V' be a meromorphic func-
tion given by (3.16). Then the meromorphic function V' does not have any poles.

Lemma 3.4 Suppose that n = 6 in (3.1), and suppose there exist non-constant
entire functions f, g and h satisfying (3.1). Further, we suppose that zy is a
multiple zero of at least one of f, g and h. Then V has a zeros at zy, where V is
the entire function given by (3.16).

Proof of Lemma 3.3 By means of (3.21), we see that z; is a zero or a pole of
at least one of the f, g and h if we suppose that V" has a pole at zj.

We denote the sets of poles of f, g and h by Py, P, and Pj, respectively, and
write P = P;|J P, Ps. Similarly, sets of zeros of f, g and h are denoted by
Z¢, Z, and Z;, respectively, and we write Z = Z;J 2, 2.

First we assert that any zp € Z cannot be a pole of V. We assume the contrary,
namely, there exists 2y € Z such that V' (z;) = co. We may assume that 2, € Z;
without loss of generality. We use figures for explanation.

Fig. 3.2: Estimates for poles and zeros

%?)Z: f*+g"+h"=1
9(zo)
h(z,) g = *
0
Fz)=+
means that
F(zg) #0
F(zq) #e° x

It is impossible that 2y € Z, () Z;, by (3.1).
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Fig. 3.3: Estimates for poles and zeros

Sy g
0 -
Feo)=+
means that
F(ZO) *0
F(zy) #o° *

The case when only one of g and h has a pole at 2, is impossible by (3.1),
namely, the cases 20 € P, () Zn, 20 € Z4 () Ph» 20 € (C\ (Z,UP,)) N Pr and
20 € P,N(C\ (Z,UPs)) are impossible by (3.1).

Fig. 3.4: Estimates for poles and zeros

V(zp) =

fz) =0 Gl

F(zp) = *
means that
F(ZO) *0
F(Zo) Foo

When z, € (C\ (Z,UP,)) [ 2Zn, we have V3(z5) = 0 by (3.15), and hence
V(20) = 0 by (3.20), a contradiction.
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Fig. 3.5: Estimates for poles and zeros

V(zp) =

fz) =0 R OR,

F(zp) = *
means that
F(Zo) *0
F(Zo) Foo

Similarly, by (3.13) and (3.18), V'(z) = 0 when 2o € Z,( (C\ (2, U Pr)),
a contradiction.

When z, € (C\ (Z,UP,))N(C\ (Z,UPs)), we have V3(z) # oo by
(3.15), and hence V' (zy) # oo by (3.20), a contradiction.

Fig. 3.6: Estimates for poles and zeros

V(zo) = o

F(z9) =0 fn+gn+hn=1

g(zo)
h(z,)

F(zp) = *
means that

F(Zo) *0
F(Zo) Foo *

The case 2y € P, [P}, is left for consideration when z, € Z;. By (3.18), we
have w(z9,77,) < 3, which implies that w(zo, f?1n7,) < 1. By (3.1), w(z0,9) =
w(20, h), and hence g*/h™ 2 has a zero at 2, of multiplicity (n — 4)w(z0, g) since
n > 8. Using (3.18), we conclude that V' has a zero at 2, of multiplicity at least
(n — 4)w(z0, g) — 1, a contradiction.
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Fig. 3.7: Estimates for poles and zeros

V(zp) =

fz) =0 R OR,

9(2o)
h(zo)

0 oo *
o0
F(ZO) that -.-
means that
F(Zo) *0
F(Zo) Foo *

The first assertion follows.

Fig. 3.8: Estimates for poles and zeros

V(zp) = »

fzg) =0 el

F(z) ==
means that
F(zo) #0
F(ZO) Foo

Secondly, we consider the case 2, € P, and assert that if z; € P is a pole
of V, then zy € Ps(\Py()Pr. We may assume that 2z, € Py without loss of
generality. We use figures for explanation.
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Fig. 3.9: Estimates for poles and zeros

9z g
9(2o)
h(zo) 0 o *
0
Fa)=+
means that
F(ZO) *0
F(zq) #>= <

By the arguments above, we do not have to treat the case when zj is a zero of
at least one of f, g and h.

Fig. 3.10: Estimates for poles and zeros

V(zo) =

n n W=
fa) = [rrgrtht=1

F(z) ==
means that
F(ZO) *0
F(zq) #e°

It is impossible that z, € (C\ (Z, UP,)) N (C\ (Z,UPs)) by (3.1).
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Fig. 3.11: Estimates for poles and zeros

R
9(zo)
h(zo) 0 o *
0
Feo)=+
means that
F(Zo) *0
F(zp) #°° *

Suppose that zp € (C\ (2, JPx)) (P, We have w(zp,ngn) < 2 by (3.19).
By (3.1), w(zo, f) = w(z0, g), and hence ¢g*/f"~2 has a zero at 2, of multiplicity
(n — 4)w(zo, ). By (3.19), we conclude that V' has a zero at z, of multiplicity at
least (n — 4)w(zo, f) — 2 since n > 8, a contradiction.

Fig. 3.12: Estimates for poles and zeros

V(zp) = n nypn_
flzg) = o ff"+g"+h"=1
9(2o)
hz0) 0 o *

o0
F(z) ==

means that .
F(Zo) *0
F(zq) #o° x

This implies that 2, € Py,. Similarly, changing roles of g and h, we conclude
that V' has a zero at z, of multiplicity at least that (n — 4)w(zo, f) — 2 when
z0 € (C\ (Z,UPy,)) N Pr by (3.19). Hence, we showed the second assertion.
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Fig. 3.13: Estimates for poles and zeros

@z e
9(20)
h(zo) g o *

[~ -]
F(zg) =+

means that - .
F(ZO) *+0
F(Zo) Foo *

Finally, we consider the case zg € P[Py [ Pr. We may set d = w(zo, f) =
w(20,9) > w(zo, h) = k by (3.1) without loss of generality.

In the case d > k > 1, by (3.19) we have w(zg,7,,) < 3. Since n > 8, by
(3.19), we obtain that V' has a zero at zy of multiplicity at least

(n—2)d—(2d+2k+3)>(n—6)d—1>2n—13.

For the case d = k > 1, we note that w(zg,7,,) < 2 by the properties of Wron-
skian in the case d = k. By (3.19), w(zo, 1/V') can be estimates as

w (zo,%) > (n—2)d— (2d+2d+2) = (n— 6)d — 2. (3.25)

By (3.25), if d > 2, then V has a zero at 2, of multiplicity at least 2, since n > 8.
If d = 1, V does not have neither a zero nor a pole at z, by (3.25). In particular, if
n > 9, then V has a zero at zy. We conclude that V' cannot have a pole at z, when

20 € Pfﬂpgﬂph.
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Fig. 3.14: Estimates for poles and zeros

V(zy) = o n n n_
e = f*+g"+h"=1

F(zp) = *
means that
F(ZO) *0
F(Zo) Foo

Thus we have proved Lemma 3.3. U

Remark 3.1 By the arguments in the proof of Lemma 3.3, we note that if 2y €
P, then z, is a zero of V for n > 9. Further, we have that z, is a zero of V' for
n = 8 if 2y € P of multiplicity at least 2.

Proof of Lemma 3.4 We may assume that zy € Z; and w(zp,1/f) =d > 2
without loss of generality. By (3.1), it is impossible that zy € Z, () 2. Hence,
we may assume that 2y ¢ Z, without loss of generality. By (3.20), we see that 7,
has a pole of multiplicity at most 3, and hence we have

1
W(ZO’V) >2d—-3>1.

This shows that V' has a zero at z. [l
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3.5 Alternative Proofs of Known Results for Mero-
morphic Solutions

As we mentioned in Section 3.1, it is known that there do not exist solutions
of non-constant rational functions to (3.1) when n > 8, and there do not exist
transcendental meromorphic solutions to (3.1) when n > 9. Further, if there exist
transcendental meromorphic solutions to (3.1) when n = 8, then they satisfy a
differential equation. In this section, we give alternative proofs of these results
and a slight improvement.

3.5.1 Solutions of Rational Functions

Here we consider solutions of rational functions to (3.1). We first show the fol-
lowing theorem.

Theorem 3.2 Suppose that n > 7 in (3.1), and suppose that there exist non-
constant rational functions f, g and h satisfying (3.1). Let V' be a rational function
given by (3.16). Then

1
(= 6)m(1) + mig) +min) <3 (wV) -0 (1)) G20
As a corollary to Theorem 3.2, we obtain the known result below.

Corollary 3.1 There do not exist solutions of non-constant rational functions to

(3.1) forn > 8.

Proof of Theorem 3.2 Let R be an arbitrary rational function. We write R =
Rx/Rp with relatively prime polynomials Ry and Rp. Since R'/R = Ry /Ry —
R,/Rp, weseem(R'/R) < max (m(Ry/Ry), m(R},/Rp)) = 0by Lemma 2.2 (ii), (i).
Further, using this with Lemma 2.2 (ii), we obtain m(R"/R) < m(R"/R’) +
m(R'/R) = 0. Hence, by (3.8), and by (3.18) to (3.20), we have

m(A) =0, m(ngg) = m(1ngn) = m(nny) = 0. (3.27)
Combining (3.21) and (3.22), we obtain
n?OVT = A5 ngnnng ). (3.28)
By (3.28), Lemma 2.2 (ii) and (3.27), we have forn > 7

nm(V) < 2(m(159) + m(1gn) + m(ns)) + (n — 6)m(A) = 0,
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which gives
m(V) = 0. (3.29)

By (3.19), Lemma 2.2 (ii) and (3.27), we have

(1= 2)m(f) < 2m(g) + 201) + i)+ )

=2m(g) 4+ 2m(h) + m (%) : (3.30)

Similarly, by (3.18) and (3.20), we have

(n —2)m(h) <2m(f)+2m(g) + m (%) : (3.31)
(n — 2)m(g) < 2m(h) + 2m(f) + m (%) . (3.32)

Combining (3.30) to (3.32), and using (2.3) and (3.29), we obtain

(1= 6)(m() + i) + m(1) < 3 ()

:3(n(V)+m(V)—n(%)> _3 (n(V)—n(%)).

We have thus proved Theorem 3.2. 0

Proof of Corollary 3.1 Assume that there exist rational functions f, g and h
satisfying (3.1). By means of Lemma 3.3, we obtain n(1") = 0 since n > 8. By
Theorem 3.2, we have

m(f) +m(g) +m(h) +n (%) =0. (3.33)
This implies that V' is a constant, and that f, g and h have the property that the
degree of the numerator is equal to or less than the degree of the denominator.
This means that if P = () all of f, g and h reduce to constants, a contradiction.

We now consider the case P # (). If f has a pole of multiplicity at least 2, then
by Remark 3.1, V' has a zero, a contradiction. Hence, f has no pole or each pole
of f is a simple pole. Similarly, we see that g and h possess the same property.
Since we assume P # (), at least one of f, g and h admits a simple pole. On
the other hand, for any entire function ¢ including a polynomial, f(y), g(¢) and
h(y) satisty (3.1). Choosing a suitable polynomial ¢, at least one of f(¢), g(v)
and h(y) admits a multiple pole, which is a contradiction. O
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3.5.2 Transcendental Meromorphic Solutions

From this section, we will utilize the Nevanlinna theory, which was mentioned
in Chapter 2 Preliminaries items related to this dissertation.

Under the assumption that there exist transcendental meromorphic solutions f,
g and h to (3.1), we write T*(r) = T'(r, f) + T'(r,g) + T(r, h), and denote by
S*(r) any quantity that satisfies S*(r) = o(1)T™*(r) as r — oo, possibly outside
a set of r of finite linear measure. Clearly if p(r) = S(r, f), S(r,g) or S(r, h),
then p(r) = S*(r). We call a meromorphic function a satisfying 7'(r, a) = S*(r)
small with respect to f, g and h in this dissertation. We obtain the transcendental
counterparts to Subsection 3.5.1.

Theorem 3.3 Suppose that n > 7 in (3.1), and suppose that there exist non-
constant meromorphic functions f, g and h satisfying (3.1), at least of which is
transcendental. Let V' be a meromorphic function given by (3.16). Then

1
(= 6)(m(r,£) 4 m(rg) + (s ) <3 (N0V) = N (1)) 5700
(3.34)
As a corollary to Theorem 3.3, we obtain the result below.

Corollary 3.2 There do not exist transcendental meromorphic solutions to (3.1)
forn > 9. If there exist non-constant meromorphic functions f, g and h satisfying
(3.1) for n = 8, at least of which is transcendental, then there exists a small entire
function a with respect to f, g and h such that

W(f%, g% h%) = afg°h’. (3.35)

Proof of Theorem 3.3 We adopt the similar idea to the proof of Theorem 3.2.
By the lemma on the logarithmic derivatives, we have

m(T7 A) = S*<T)7 m(r, nfg) = S*(T‘), m(r, ngh) = S*<T)7 m(r, nhf) = S*<T)
(3.36)
m(r, V) = S*(r). (3.37)
In fact, by (3.28) and the lemma on the logarithmic derivatives, we have
nm(r, V) < 2(m(7°, 77fg) + m(r, 779h) + m(r, Uhf)) + (n - 6)771(7“, A) =57 (7”),
which shows that the assertion (3.37) holds. It follows from (3.19) and (3.36),

(n—2)m(r, f) < 2m(r, g) + 2m(r, h) + m(r,ng) +m <r, %) + S*(r)

= 2m(r, g) + 2m(r,h) +m (T, %) + S*(r). (3.38)



Chapter 3 Case > + g3+ h? =1 38

Similarly, by (3.18) and (3.20), we have

(n—%m&ﬁ)S%mnﬂ+amwgy+m(n%>+S%n, (3.39)
(n—2)m(r,g) < 2m(r,h) +2m(r, f) +m (r, %) + S*(r). (3.40)

By (3.38) to (3.40), and by (3.37) and the first main theorem due to Nevanlinna,
we obtain

(n = 6)(m(r, f) +m(r,g) + m(r, h))

< 3m (r, %) +S*(r)=3 (N(r, V)—N (r, %)) + S*(r).

Hence we proved Theorem 3.3. [

Proof of Corollary 3.2 Assume that there exist transcendental meromorphic
functions f, g and h satisfying (3.1). By means of Lemma 3.3, we see that V'
is an entire function, and hence N(r,V) = S*(r). Combining this and (3.37),
we obtain that T'(r, V') = S*(r), which shows that V' is a small entire function
with respect to f, g and h. In particular, this implies that f, g and h satisfy the
differential equation (3.16) with a small entire function V' for n = 8. Setting
a = 64V in (3.16), we obtain (3.35).
We consider below the case n > 9. By means of Theorem 3.3 and Lemma 3.3,
we have
m(r, f) +m(r,g) + m(r,h) = S*(r). (3.41)

By Remark 3.1, if zy € P then 2 is a zero of V. We set &(d) = d/((n—6)d —2),
d > 1, which is a decreasing function in d. Using the arguments in the proof of
Lemma 3.3, we have

w(zo, f) < ®(w(z0, f))w (Zo, %) < n;_gw <ZO, %) : (3.42)
which yields N(r, f) < N(r,1/V) < T(r,V) + S*(r). Since V is a small
function with respect to f, g and h, we obtain N(r, f) = S*(r). Similarly, we
obtain N(r,g) = S*(r) and N(r,h) = S*(r). Combining these estimates with
(3.41), we conclude that T'(r, f) = S*(r), T'(r,g) = S*(r) and T'(r, h) = S*(r),
a contradiction. Thus, for n > 9 there do not exist transcendental meromorphic
solutions to (3.1). 0

In [16], Ishizaki showed that (3.35) holds with a small meromorphic function
a. Corollary 3.2 says that a does not have any poles.
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3.6 Alternative Proofs of Known Results for Entire
Solutions

3.6.1 Polynomial Solutions

We adopt similar methods to those used in Subsection 3.5.1 to obtain the known
result below.

Corollary 3.3 There do not exist nonconstant polynomial solutions to (3.1) for
n > 6.

Proof of Corollary 3.3 Assume that there exist polynomials f, g and h satis-
fying (3.1). When n > 7, we apply Theorem 3.2 to polynomial solutions noting
that m(f) = deg f, m(g) = deg g and m(h) = deg h to obtain

(n —6)(deg f +degg + degh) < 3n(V). (3.43)

Since f, g and h are polynomials, V' is a polynomial given by (3.16). This implies
that n(V') = 0. By (3.43), deg f + deg g + deg h = 0. This means that all of f, g
and h are constants, a contradiction.

We consider the case n = 6. It follows from (3.22),

VE = 0 gngniing - (3.44)
We note that (3.27) holds for n > 2. By (3.44) and (3.27), we obtain
degV =m(V) =0, (3.45)

which implies that V' reduces to a constant.

If Z = (), all of f, g and h reduce to constants, a contradiction. We consider
the case Z # (). If f has a zero of multiplicity at least 2, then Lemma 3.4, V' has
a zero, a contradiction. Hence, f has at least one simple zero. Similarly, we see
that g and h possess the same property. On the other hand, for any entire function
¢ including a polynomial, f (), g(¢) and h(p) satisfy (3.1). Choosing a suitable
polynomial ¢, at least one of f(y), g(¢) and h(p) admits a multiple zero, which
is a contradiction. U

3.6.2 Transcendental Entire Solutions

As a corollary to Theorem 3.3, we obtain the known result for transcendental
entire solutions below.
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Corollary 3.4 There do not exist transcendental entire solutions to (3.1) forn >
7. If there exist transcendental entire functions f, g and h satisfying (3.1) for
n = 6, then there exists a small entire function b with respect to f, g and h such
that

W(f°, g% ho) =bflg*h. (3.46)

Proof of Corollary 3.4 Assume that there exist transcendental entire functions
f, g and h satisfying (3.1) for n > 7. Since V is entire, by Theorem 3.3, we
have m(r, f) +m(r,g) + m(r,h) = S*(r). Since f, g and h are entire, we have
T(r, f) = S*(r), T(r,g) = S*(r) and T'(r,h) = S*(r), a contradiction. Hence
there do not exist transcendental entire solutions to (3.1) forn > 7.

Concerning the case n = 6, by (3.44) and (3.36), we have

3m(r, V') < m(r,ngg) + m(r, ngn) + m(r,mms) = S*(r),

which shows that m(r, V') = S*(r). Since V is entire, we have T'(r, V') = S*(r).
Hence V' is a small entire function with respect to f, g and h. Setting b = 36V in
(3.16), we see that the assertion follows. ]
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3.7 Degrees of Polynomial Solutions

We discuss degrees of polynomial solutions to (3.1) below. Suppose that there
exist polynomials f, g and h satisfy (3.1). Clearly, f(P), g(P) and h(P) are
polynomial solutions to (3.1) for any polynomial P. It implies that there is no
upper bound of degrees of polynomial solutions. For the lower bound, we have
the following result.

Proposition 3.1 Let 2 < n < 5 be an integer. Suppose that there exist non-
constant polynomials f, g and h satisfying (3.1), and assume d = deg f =
degg > degh = k. Then

(i) For the case d = k, we have d > 4/(6 — n).

(ii) For the case d > k, we have
d>2andk > 1whenn = 2,3,
d>3and k > 2 when n = 4,
d>5andk > 4 whenn = b.

Regarding (ii), we improve it in Proposition 4.1 mentioned later.

Example 3.4 We recall examples forn =2 andn = 3
1+P(z)>2 (1—13(2))2 , )
—— ) +|————= ) +(P(2)" =1, 3.47
(~ ) ) 3.47)

and

where P(z) is an arbitrary polynomial and w? = —1, see e.g. [9], [13], [22].

This example shows that both cases deg f = degg = degh and deg f =
deg g > deg h occur in general.
We see that Proposition 3.1 follows immediately from the following lemma.

Lemma 3.5 Suppose that there exist non-constant polynomials f, g and h satis-
fying (3.1), and assume d = deg f = degg > degh = k. Let v be the degree of
V' defined in (3.16).

(1) For the case d = k, we have

(6 —n)d >4+ (3.49)
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(i1) For the case d > k, we have
(4—n)d+ 2k =3+w. (3.50)

The method for the proof of Lemma 3.5 is similar to the idea in [24]. Since
the situations are different, we give the proof.

Proof of Lemma 3.5
(i) First we assume that deg f = deg g = deg h.

Write
f(2) = agz® + ag_12*7 1 + -+ - + ay, ag # 0,
g(2) = baz® + ba_12" " 4 -+ + by, by # 0.
Then
f(2) = dagz" + (d — Vag_12* 2+ - + ay,
¢ (2) = dbgz™" + (d — 1)bg_127 2+ -+ + by,
f'(2) =d(d —1)agz™? + (d — 1)(d — 2)ag_12"> + - + ay,

g"(2) = d(d — D)bgz"2 + (d — 1)(d — 2)bg_12%> + - - + by,

So, we can calculate as follows.

[ g
W(f,g9) = gl fd =1y
— dadbdzd+dfl + (d . 1)adbd712d+d72 4.
_ (dadbdzd+d—1 + (d o 1)ad_1bdzd+d_2 4. )
= (d — 1)(agbg—r — aa—1bq)2* > + - --
g
W(f’,g') = f// g// = f/g// - f”g/

= d*(d — 1)adbdz(d_1)+(d_2) +d(d — 1)2ad_1bdz(d_2)+(d_2) + -
— (d*(d — 1)agbgz V74D L d(d — 1)%agbg_, 2/ PHE2 ..
= d(d — 1)*(ag_1bg — agbg_1)z** ™ 4 - -
Then we see that deg W (f, g) is at most 2d — 2, and deg W (f’, ¢’) is at most

2d — 4.
By (3.12) and (3.13),we have follows.

W(F,G,H)=W(f" g¢",h")
—_ n?fn—an—QV'l
— 0272072 (0 = V)G W(f.9) + [aW ([g)).
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Hence, deg W (F, G, H) is at most 2nd — 4.
By (3.16), we have

2nd — 4 > degW(F, G, H) = deg(f"2¢" *h" V) = 3d(n — 2) + v,

and hence (3.49) follows. We have thus proved (i).

(ii) We next consider the case k = degh < d. Then deg W (h, f) = d + k — 1,
and deg W (I, f') = d + k — 3. By (3.15), we have that deg W (F, G, H) is at
most n(d + k) — 3. Further, we investigate deg W (F, G, H) in terms of (3.15) in
detail. Write

f(2) = agz® + ag_12% -+t ag, aqg#0, (3.51)
hz) = a2 + o2 e, o #£0. (3.52)

Using (3.51) and (3.52), we compute
(n— DR FW(h, f) +hfW(H, ') = n(d — k)dka2e 22423 4 ... 4 ¢,

where C'is a constant. This gives that deg W (F, G, H) = n(d + k) — 3.
By means of (3.16), we obtain n(d + k) — 3 = 2d(n — 2) + k(n — 2) + v, that
is, (3.50). Hence, (ii) is proved. O

Remark 3.2 If n > 6, it is impossible to exist polynomial solutions to (3.1) for
both cases d = k and d > k by (3.49) and (3.50). This yields an alternative proof
of Corollary 3.3.

Example 3.5 We compute deg W (F, G, H) and deg V' of the examples given in
(3.47) and (3.48).

For (3.47), we obtain W (F, G, H) = 2P" and V() = P by simple com-
putations. Setting P(z) = z for simplicity, we have W (F,G, H) = 4V = 2. In
this case, the equality in (3.49) holds withn = 2, d = k = 1 and v = 0. This

example shows that the estimate (3.49) in Lemma 3.5 is sharp.

We consider (3.48) nothing thatd > k. We have W (F, G, H) = —243P%(—1+
POP3 and V = (9v62P*P")/w. Setting P(z) = z for simplicity, we have
W(F,G, H) = —2432%(—1+2%), and V(2) = (9v/622%) /w. We see that equality
in (3.50) holds, since n = 3, d = 3, kK = 2 and v = 4 in this case.



Chapter 4

Case General

4.1 Background of Case General

In this chapter, we are concerned with the general problem of determining whether

or not there exist non-constant meromorphic functions fi, fs, ..., fi which satisfy
the Fermat type functional equation
N+t =1 4.1

for a given pair of positive integers {n,k}. We consider this problem for the
following four classes of functions: meromorphic functions, rational functions,
entire functions, polynomials. For each of these classes of functions, there exist
pairs of positive integers {n, k} (a) where (4.1) does not possess non-constant
solutions, (b) where (4.1) possesses non-constant solutions, and (c) where it is
not known whether (4.1) possesses non-constant solutions; see [9], [13]. It is
organized as follows.

If solutions exist
Meromorphic functions n<k*-1
Rational functions n<k®—2
Entire functions n<k®—k
Polynomials n<k*-—k-—1

In the case of k = 2, it is clear where the solution exists in the four functions.

If solutions exist
Meromorphic functions n<k’-1=3

Rational functions n<k?®-—2=2
Entire functions n<k?®—k=2
Polynomials n<k’—-k-1=1

44
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Example 4.1 We recall examples forn =2 andn =3 of f{' + f = 1.
sin®w(z) + cos® w(z) = 1,
where w(z) is an arbitrary entire function.

where w(z) is an arbitrary meromorphic function.

(s ()

where ©(z) is an elliptic function satisfying (¢')? = 49> — 1, and c =

Sl

Fig. 4.1: Known Results for f™* + ¢" =1

o ---

Rational

Entire

Polynomial

Examples

\[¢]
exist

solutions
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In Chapter 3 we considered the case £ = 3 and showed the status of the
solution in Figure 3.1. The open questions for those {n, k} in (c) have attracted
increasing interest. The main purpose of this chapter is to give, for each class of
functions, necessary conditions that non-constant solutions of (4.1) where {n, k}
is in (c), would have to satisfy.

Section 4.3 contains the main results for rational functions and transcenden-
tal meromorphic functions, while corollaries and observations on transcendental
entire functions and polynomials are in Sections 4.4 and 4.5. Section 4.2 contain
observations about rational functions and calculations with Wronskians of mero-
morphic functions, which we use to prove our results. Last, we discuss the case
when k£ = 4 in (4.1) in Section 4.6.

In this chapter as well as the previous chapter, we use standard notations in
the Nevanlinna theory described in Preliminaries. Under the assumption that
there exist transcendental meromorphic solutions fi, fo, ..., fi to (4.1), we write
T*(r) = Zle T(r, f;), and denote by S*(r) any quantity that satisfies S*(r) =
o(1)T*(r) as r — oo, possibly outside a set of r of finite linear measure. Clearly,
if ¢(r) = S(r, f;) for some j € {1,2,...,k}, then ¢(r) = S*(r). We call a
meromorphic function a satisfying 7'(r,a) = S*(r) small with respect to f1, fa,

s Jhe
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4.2 Calculations with Wronskians

We assume that there exist non-constant meromorphic functions fi, fo, ..., fx
which satisfy the functional equation (4.1) where n and £ are fixed integers satis-
fyingn > k — 1 and k£ > 2. For the sake of simplicity we put f' = Fi, 3 = F5,
..., fi = I}, and define

W =W 2 1)
—W(F, F, ..., Fy)

ja) K ... K

F F, ... F

4.2)

FED gD pe

First using (4.1), we eliminate fj and F} from (4.2),

F  F ... F. 1
F F, .. F_, 0

FEVORED O FED o
F, F, ... F_,
= (=D ST (4.3)
k—1 k—1 k—1
A O O P

By the Leibniz formula, for any meromorphic function ¢, we have (¢")" =
"L (@), (¢")" = " TF M Ua(p), oy ()Y = @ ETIUL (), Where
Ui(e), j =1,2,...,k — 1 are homogeneous differential polynomials in ¢ of de-
gree k — 1.
Calculation examples as follows.

Whenn =6and k =3, (¢%)" = p*- (6(5(¢")? + pp")).

Whenn =12and k = 4, (¢'2)" = ¢° - (12(110(¢")? + 330" 4+ ©2™)).
This implies that if o Z 0 is a rational function, then from (2.4) and (2.5),

U, |
m(—gk(ﬁ))—O, j=1,2,. . k-1, 4.4)

and if ¢ is a transcendental meromorphic function, by the theorem on the loga-
rithmic derivatives,

m(r,(;j]fﬁ)):S(r,go), j=12...,k—1. (4.5)



Chapter 4 Case General 48

Using (4.3) we write W1/ as follows

U(fi)  Ui(f2) oo Ui(fi)
W= (=D (fifar o fom)" M : :
U—1(f1) Uk=a(fe) oo Up—a(fe—1)
—vi IT 5 (4.6)
1<5<k
i#k
Similar to (4.6), using (4.1), we eliminate f,,, and F},, 1 < m < k from (4.2),
W=V, [T 4.7)
1<i<k
Jj#Em
where
U(f) o Ulfm)  Uilfmr) o Ui(fr)
Ve = (=)™ : : S
Ue—1(f1) - Ui(finm1) Uoa(fng1) o U (fr)
(4.8)
We assert that if f;, fo, ..., f; are rational functions, then
v,
m| —"——]=0, 1<m<k, (4.9)
Hl,si'gc it
Ve

and if fi, fo, ..., fi are transcendental meromorphic functions, then

Vin
mr, ———=|=5), 1<m<k. (4.10)
[Ti<j<k f;
JEm
In fact, it follows from (4.8) that
U1k(f1) o Ul({m—l) Ul({m-‘rl) o Ulk(fk)
V. - ;1 Il fn;rll fk/_l
=71 = (—1) : : : : . :
ng;gk fj Ur—1(f1) Ug—1(fm-1)  Ug—1(fm+1) Ur—1(fx)
Jj#EmM k-1 ce E—1 k—1 ce k—1
fl fm—l fm+1 fk
“4.11)

By (4.11), (4.4) and (4.5), the assertions (4.9) and (4.10) are ascertained.

We now let V' denote the function

po_ "W (4.12)

k —k+1°
Il /7
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If fi, fo, ..., fi are all entire functions, then V' in (4.12) is an entire function. In
particular, if f1, fo, ..., fx are all polynomials, then V' is a polynomial.

Lemma 4.1 Suppose that fi, fo, ..., fr are non-constant meromorphic func-
tions satisfying (4.1), where n > k(k—1). Then we obtain the following estimates.

(i) If f1, fo, ..., fr are rational functions, then m (V') = 0.

(i) If f1, fo, ..., fr are transcendental, then m (r, V') = S*(r).

Proof of Lemma 4.1 Since the hypothesis implies that n > k£ — 1 and k& > 2,
we can use the calculations above. From (4.7) and (4.12), we obtain

Vi = fo bV, 1<m <k, (4.13)
and hence
v [Ti<j<r £ >
V = n]Z - — j7émk - Do with Nm = —mk—17 1 S m S k.

J#Em

(4.14)
Note that 7,,,, 1 < m < k are given by (4.11) and (4.14), and have properties (4.9)
and (4.10). It follows from (4.14) that

k—1
k 1<j<k J; k k—-1)2 g k
vk — I j_ygr% fj o Hj:l f]( : B Hj:l nj
j=1Jj j=1 an—(k—l)—(k—1)2
J

j=1
namely,
k k
v H f;’%k(kfl) — Hnj, (4.15)
j=1 j=1
Define A by
1 1 1
B £y Ey
w W(FlaF27"'7Fk?) F_{l F_QH F_k
AT m T T RB-oR | R | @9
=17 : S :
FED gD FHD
Fl F2 Fk
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Combining (4.12) and (4.16), we have

k n—k+1 k
AW VL fTT =v][r*
I, fr 1, f7 Pl

namely,
k
Al =V (4.17)
j=1

It follows from (4.15) and (4.17) that
k
V= A T et (4.18)
j=1

By (4.18), (4.16) and (4.9), we have m (V) = 0 if fi, fo, ..., fr are rational
functions, which implies Lemma 4.1 (i). By (4.18), (4.16) and (4.10), we have
m (r, V) = S*(r)if f1, fa, ..., fx are transcendental, which implies Lemma 4.1 (ii).
O

Lemma 4.2 Suppose that f, fs, ..., fr are non-constant entire functions satisfy-
ing (4.1), where n > k(k — 1) and k > 3. Further, suppose that z is a zero of at
least one of f1, fa, ..., fr with multiplicity at least k — 1. Then V has a zero at
2o, where V' is the entire function given by (4.12).

Let w be a meromorphic function. If 2, is a pole of multiplicity p (> 1) for
w(z), then we set p(zg, w) = p, and if w(z) # oo, then we set p(zg, w) = 0.

Proof of Lemma 4.2 We may assume that z; is a zero of some f;, 1 < ¢ < k
where p(zp,1/f;) > k — 1. By (4.1), it is impossible to have f;(z,) = 0 for
all 7 = 1,2,..., k. Hence, there exists an integer m satisfying 1 < m < k and
m # { such that f,,(z9) # 0. Let n,, be the meromorphic function given by (4.14)
and (4.11). Using the properties of U;, 1 < j < k, j # m and (4.11), it can be
deduced that 7, has a pole of multiplicity at most Z;:ll Jj = k(k; D} By (4.14),
the multiplicity of the zero at 2y of V' can be estimated as

() 2 (20 ) 2 o) = (1= HE ) = Sy = 1

This shows that V' has a zero at z. O
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4.3 Main Results

We first consider solutions to (4.1) in the class of rational functions.

Theorem 4.1 Suppose that there exist non-constant rational functions fi, fs, ...,
fi satisfying (4.1), where n > k(k — 1) + 1. Let V' be the rational function given
by (4.12). Then

(n— k(k— 1)) zk:m(fj) <k (n(V) “n (%)) | 4.19)

j=1
Proof of Theorem 4.1  Since the hypothesis implies thatn > k — 1 and k > 2,

the calculations in Section 4.2 can be used. We write (4.14) as

H1<j<kf B
forktt = ”é’”T Ty 1< m <k (4.20)

By (4.20), (4.9) and (2.5), we have

(n—k+Dm(fn) < (k=1) Y m(f;) +m(mm) +m (%)

1<5<k
j#m
1
=(k—1) § m(f;) +m (V) L 1<m<k (421
1§;ng
JFmM

It follows from (4.21) that

k
(n—k+1)> m(fn) < —122 fj+km<‘1/>
m=1

m=11<j<k
J#Fm

=(k—1) zk:m(fj) + km (%) )

J=1

which gives

(0= (k= 1)) Y m(fy) < hm (%) | 4.22)

By means of (2.2), (2.3) and (4.22), we obtain

(n— k(k— 1)) Zi;mm) <h(nv)eme) (). @2
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By (4.23) and Lemma 4.1 (i), we obtain (4.19). We have thus proved Theorem 4.1.
Il

Secondly, we consider transcendental meromorphic solutions to (4.1).

Theorem 4.2 Suppose that there exist transcendental meromorphic functions f1,
fo, -, [fr satisfying (4.1) where n > k(k — 1) 4+ 1. Let V be the meromorphic
function given by (4.12). Then

(n— k(k— 1)) im(r, £) <k (N(r, V)— N (r, %)) FSr). (424)

j=1

Proof of Theorem 4.2 Using the similar arguments in the proof of Theo-
rem 4.1, we obtain the proof of Theorem 4.2 by replacing m(-) with m(r, ),
replacing (2.3) with the first fundamental theorem of Nevanlinna, and replacing
Lemma 4.1 (i) with Lemma 4.1 (ii). O



Chapter 4 Case General 53

4.4 Transcendental Entire Solutions

As an application of Theorem 4.2, we obtain the following corollary, which is a
generalization of [16, Proposition 6.1] and Corollary 3.4.

Corollary 4.1 There do not exist transcendental entire solutions to (4.1) forn >
k(k—1)+ 1. If there exist transcendental entire functions f1, fo, ..., fi. satisfying
(4.1) for n = k(k — 1), then there exists a small entire function b with respect to
fi, fo ..., fr such that

k
_ _ _ —_1)2
W B R = [ Y (4.25)
j=1

Proof of Corollary 4.1  Assume that there exist transcendental entire solutions
fis fos ooy fr to (4.1) for n > k(k — 1) + 1. Since V is entire in this case,
we have N(r,V) = 0. By means of Theorem 4.2, we have Z§:1 m(r, f;) =

Zle T(r, f;) = S*(r), a contradiction. Hence, there do not exist transcendental
entire solutions to (4.1) forn > k(k — 1) + 1.

Next we assume that there exist transcendental entire solutions fi, fa, ..., f&
to (4.1) for n = k(k — 1). By (4.15), (4.14) and (4.10), we have

km(r,V) < Zm(ﬁ n;) = S*(r),

which shows that m(r, V') = S*(r). Since V is entire, we have T'(r, V') = S*(r).
Hence V' is a small entire function with respect to f1, fo, ..., fr. Settingb =V in
(4.12) and noting k(k — 1) — k + 1 = (k — 1)?, we see that (4.25) holds. O

If 7 is a nonconstant entire function, then sin? v + cos? v = 1, which gives an
example of (4.25) withn = k = 2 and b = —2+/. It is an open question whether
there exist transcendental entire functions f;, fo, ..., fi that satisfy (4.1) when
n = k(k — 1) and & > 3, and Corollary 4.1 shows that if such solutions were to
exist, then (4.25) would be satisfied.

The first assertion in Corollary 4.1 is the known non-existence theorem, see
e.g. [9], [13], [27]. The above gives an alternative proof.
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4.5 Polynomial Solutions

We first use Theorem 4.1 to give an alternative proof of the known non-existence
theorem for polynomial solutions, see e.g. [9], [13], [24].

Corollary 4.2 There do not exist non-constant polynomial solutions to (4.1) for
n > k(k—1).

Proof of Corollary 4.2 Assume that there exist non-constant polynomials f;,
fas ..., fx satisfying (4.1) for some n and k satisfying n > k(k — 1). Then k > 2
and V' in (4.12) is a polynomial. Hence, n(V') = 0.

Whenn > k(k—1)+1, we apply Theorem 4.1 to polynomial solutions, noting
that m(f]) = deg fj,j = 1, 2, NN ,k’,

k k
D deg fy < (n—k(k—1))> deg f; < kn(V) =0,
j=1 j=1

Then 2?21 deg f; = 0, which means that all of f;, fs, ..., fx are constants, a
contradiction.

We next consider the case n = k(k — 1). Here we can assume that £k > 3
because it is well known that the equation fZ+ f7 = 1 cannot possess non-constant
polynomial solutions, see e.g. [3], [7], [18]. From Lemma 4.1 (i), m(V) = 0.
Since V' is a polynomial, this implies that deg V' = 0. Hence, V' is a constant.

Since fi, fo, ..., fr are non-constant polynomials, they have zeros. If there
exists an fy, 1 < ¢ < k, having a zero of multiplicity at least £k — 1, then by
Lemma 4.2, V' has a zero, a contradiction. Hence, each zero of f;, 1 < j < k
is of multiplicity at most &£ — 2. On the other hand, for any polynomial ¢, fi(¢),
fa(©), .., fr(p) satisfy (4.1). Choosing a suitable polynomial ¢, at least one of
f1(©), fa(@), ..., fr(v) admits a zero of multiplicity at least £ — 1, which is a
contradiction. 0J

Next we make some observations about the degrees of polynomial solutions of
(4.1). In the case when these degrees are all equal, we have the following result,
which is a generalization of Lemma 3.5 (i).

Lemma 4.3 Suppose that (4.1) withn > k — 1 and k > 3 admits non-constant
polynomial solutions fi, fs, ..., fr which all have the same degree. If we set
d = deg f; for 1 < j < k and set v = degV where V is the function in (4.12),
then

d(k(k —1) —n) > @ +v+ 1. (4.26)
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Proof of Lemma 4.3 From (4.12),
k
W=V (4.27)
j=1

We estimate the degree of both sides of (4.27). The degree of the right-hand side
of (4.27) is given by

k
deg (V H [ =k(n—k+ 1)d +v. (4.28)

j=1

Let ¢ be a polynomial. Recall that U;(¢), 1 < j < k — 1, are homogeneous
differential polynomials in ¢ of degree £k — 1. We note that, for each j, the total
derivatives in U;(¢) is equal to j. Hence, deg U;(¢) is at most (k — 1) deg p — j.
Since k > 3, we can use (4.8) and the property of determinants to obtain

— k(k—1)
< ——j)—-1= 1= 1. 42
deg V;, < jEZl (d(k—1) —3) d(k —1) 5 (4.29)
From (4.7) and (4.29),
n—k+1 2 k(k B 1)
degW =deg | Vi [] f; < d(k—1)* =~ 1d(k—1)(n—k+1).
1g72§k
JFEmM

(4.30)
Then (4.26) follows from (4.27), (4.28) and (4.30). UJ

Various observations from (4.26) can be made. For example, when k = 4 and
n = 11, if there exist non-constant polynomial solutions of (4.1) having the same
degree d, then we can assume that d > 7. When & = 3 and n = 5, if there exist
non-constant polynomial solutions of (4.1) having the same degree d, then we can
assume that d > 4. When k£ = 3 and n = 2, we have the following example:

LS A (zd—1>2_
(12%) +( 7 ) + A =1, (4.31)

where d is an arbitrary positive integer. Computing V' of (4.31) by (4.27), we
obtain V' = 2d32%(¢=1, which implies v = deg V' = 3(d — 1). Hence, the equality
in (4.26) holds when d = 1 in (4.31).

For the case when k£ = 2, (4.26) does not hold in general. The proof of
Lemma 4.3 for this case does not work because V,,, is a 1 x 1 determinant and the
property of determinants cannot be used to subtract —1 in (4.29).




Chapter 4 Case General 56

For polynomial solutions that do not all have the same degree, we prove the
following result for k£ = 3, which is an improvement of Proposition 3.1 (ii).

Proposition 4.1 Suppose that there exist non-constant polynomials f, g, h that
satisfy " 4+ g™ + h"™ = 1, where 2 < n < 5, such that deg f = deg g > deg h.
Then deg f = degg > nand degh > n — 1.

Proof of Proposition 4.1 Since f, g, h are non-constant, the proof is trivial
when n = 2. Suppose that 3 < n < 5. We make the assumption that degh = p
where p < n — 2. Since the degree of 1 — A" is equal to np, the degree of f™ + g"
must also be equal to np. We have the factorization

n

/9" =TI+ ).

j=1

where ¢, ¢o, . . ., ¢, are distinct constants satisfying |c;| = 1 for each j. Therefore,
it can be deduced that

np =deg(f"+g") > (n—-1)p+1)+m

for some integer m satisfying 0 < m < p + 1. This gives p + 1 > n 4+ m. Since
it was assumed that p < n — 2, we obtain the contradiction m < —1. Hence, we
must have p > n — 1, thatis, degh > n — 1. Thus, deg f = degg > n. O

The following examples show the sharpness of the Proposition 4.1 whenn = 2
and n = 3, respectively:

() () (5 -

(1+—23)3 - (1_—23)3 + (wV32)* =1,

V2 V2

where w? = —1, see e.g. [7], [9], [22] regarding the second example.

4.5.1 Examples for The Caseof k. =3 and n = 3

We consider the case £ = 3 and n = 3 of polynomial solutions of (4.1). Namely,
target equation is f3 + ¢ + h® = 1. Furthermore,we suppose deg f = degg =
deg h = 3. As far as we have investigated, we have not found an example of this
case. The polynomials f, g, and h are described as follows.

f = a2 + 0122 + 12 + dy, 4.32)
g = 2>+ a2 + oz + do, (4.33)
h = asz®+b322 + 32+ ds. (4.34)
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Assume the coefficients as follows and reduce the unknown coefficients.

a; = 1,d1 :O,
dy = 0,
b3 = 0,03:0,d3:1.

Then the polynomial is denoted as follows.

f = 24+b22+cz, (4.35)
g = as2® + bo2? + C22, (4.36)
h = azz®+ 1. (4.37)

We consider the coefficients of the polynomials f, g, h so as to satisfy the
following functional equation.

P4+ +r =1 (4.38)

However, if a,, and a3, are zero, it is not a solution because it is not a three
degree polynomial.
We find 54 sets of coefficients by combining equations (4.35) to (4.37). In order
to organize the above set of coefficients, we let them as follows.

SJ =¢e, (4.39)
SM =75, (4.40)
WQ = (3(=2+¢€'3)s, 4.41)
WN = (3(=2—¢'%)s. (4.42)
In addition we use the following relation.
SM? = SJ®¥7 (j=1,2,...,16,17) (4.43)

The 54 sets of solutions are described in the tables in Appendix A using (4.39) to
(4.43). We organize the solutions shown in Appendix A into the following general

form.

1
a; =1, as = STy = §SJ6m‘3WN6,

bl — SJ65+2573WN’ bg _ SJ6Z+68+2574WN7 bg _ 0’
¢ = SJ768+46+15WN2 Cy = SJ6l765+45+11WN2 3 = 0
d1:0, d2:0, d3:1
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and
1
a; = 1, a9 = SM6Z_4, as = gSMGm_?)WQG,
bl — SM63+2673WQ’ bg — SM6l+63+2674WQ’ b3 — O,
= SM—68+45+15WQ2 Cy = SM6Z—68+45+11WQ2 c3 = 0
d1:07 d2:07 d3:17
where

1=1,23 m=1,23 s=1,23
d=0(m=1), éd=—-1(m=2), d=1(m=23).

The above gives an example of polynomial solutions for the case £ = 3 and
n=3,f+g¢+hn=1
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4.6 Four Functions

When k£ = 2, all the values of n for which (4.1) admits non-constant solutions
in each of the four function classes (meromorphic, rational, entire, polynomial)
have been settled. When k£ = 3 in (4.1), the open questions are as follows: mero-
morphic (n = 7,8), rational (n = 6,7), entire (n = 6), polynomial (n = 4,5).
Regarding these statements, see e.g. [7], [8], [9], [13] and the references therein.
Here we discuss the situation when k& = 4 in (4.1), that is, we address the

functional equation
ff+g"+h"+uw"=1. (4.44)

For the known non-existence theorems on (4.44) regarding the four function classes,
see [9], [13].

There exist transcendental meromorphic solutions of (4.44) when n = 8§, see
[7, Example 3.2]. Equation (4.44) admits non-constant rational solutions when
n=T:if a = /3, then

1 (14+2\" a (1+a2"\" o (1+a27\" .
— @ TIEEE) 3 =1 (445
63( 22 )+63( 22 >+63< 22 ) (") (443)

By replacing z with e* in (4.45), we obtain transcendental entire solutions of
(4.44). Formula (4.45) comes from a general identity [24, p. 486] which shows
that (4.44) possesses non-constant rational solutions and transcendental entire so-
lutions for all n < 7.

Equation (4.44) admits non-constant polynomial solutions when n = 5: if
a = e2™/3 then

%(1 + az®) + %(1 +a?2%)° + %(1 +29)° —10(z%)° = 1. (4.46)
Equation (4.46) comes from a general identity [22, p. 50] which shows that (4.44)
possesses non-constant polynomial solutions for all n < 5.

From the above examples and the known non-existence theorems, see e.g.
[9], [13], it appears that the open questions on whether or not the equation (4.44)
can possess non-constant solutions in each class of functions are as follows: mero-
morphic functions (9 < n < 15), rational functions (8 < n < 14), entire func-
tions (8 < n < 12) and polynomials (6 < n < 11).
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Fig. 4.2: Known Results for f* 4+ ¢" + A" +w" =1
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Examples
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Table 4.1: The group of solutions where ay = S.J>

as as by by c o
S.J? %SJSWNG SIPWN | SISWN | SJPWN? | STHW N?
SJ? %SJ3WN6 SIPWN | SJTHWN | SIPWN? | SJPWN?
S.J? %SJ?’WNﬁ SJBWN | SJPWN | SJTBWN? | SJYW N?
S.J? %SJQWNG SJ'WN | SISWN | SIPWN? | SJTWN?
S.J? %SJQI/V]\/Y(3 SJTWN | SJT2WN | SJTYWN? | SJ'WN?
S.J? %SJQWNﬁ SJBWN | SI'WN | SJTHWN? | STBWN?
S.J? %SJLF’WNG SIPWN | SJTOWN | STBWN? | STJPWN?
SJ? %SJ15WN6 SJUWN | SJTSWN | STTWN? | SJPWN?
S.J? %SJE‘WNG SJYWN | SJTAWN | SJT'WN? | SJ3W N?
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Table 4.2: The group of solutions where ay = SJ®

a2

as

by

by

C1

C2

S.J®

3SJ3WN®

STPWN

SJHUWN

SJ'W N?

ST N2

S.J8

LS J3W NS

SJ'WN

SJ*W N

SJ3W N?

SJUW N?

S8

1S J3W N©

SJTBWN

STSW N

SJBW N2

SJPW N?

S.J®

3SJIWN®

SJ'WN

SJRPWN

SJW N?

SJBW N2

S.J®

LS oW NS

SJTWN

SJ'WN

SJTW N2

SJWN?

S8

1SJ9W N©

STBWN

SJSWN

STV N2

SJ'W N?

S.J®

s SJBWN®

ST WN

SJW N

SJBW N?

SJ3W N?

S.J8

LS W NS

SJUWN

SJWN

SJWN?

SJPW N?

A

LS5 NS

SJYWN

SJOWN

SJ'W N?

SJW N?

Table 4.3: The group of solutions where ap = S.J'*

a2

a3

by

bo

C1

Co

SJ14

LS W NS

ST3WN

SJPWN

SJ'W N?

SJSW N?

SJ14

3SJ3WN®

SJW N

SJSW N

SJ3W N?

ST N?

SJ14

$SJ3WN®

SJPWN

SJHUWN

SJPW N2

SJUWN?

SJ14

LSJOW NS

SJ'WN

SJ'WN

SJW N?

SJ'W N2

SJ14

3SJIWN®

SJTWN

SJWN

STV N?

SJBW N2

SJ14

$SJWN®

SJBWN

SJRPWN

SJUW N2

SJTW N2

SJ14

1S.JBW NS

ST WN

SJWN

SJBW N2

SJ'W N?

SJ14

1SJPW NS

SJUWN

SJOWN

SJTW N?

SJ3W N?

SJ14

$SJBW NS

SJYWN

SJW N

SJ'W N?

SJPW N2
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Table 4.4: The group of solutions where ay = SM?

as as by by 1 o

SM? %SM3WQ6 SM3WQ | SM3WQ | SMWQ?* | SM''WQ?
SM2 | LSMIWQS | SMOWQ | SMUWQ | SM3WQ? | SMPWQ?
SM? | SSMPWQS | SMPWQ | SM*WQ | SMPWQ?* | SMYTWQ?
SM? %SMQWQ6 SMWQ | SMSWQ | SMPWQ? | SM™WQ?
SM2 | LSMOWQS | SMTWQ | SMRWQ | SMTWQ? | SM'WQ?
SM? | $SMPWQS | SMB¥WQ | SM'WQ | SMYWQ? | SMB¥WQ?
SM2 | LSMBWQS | SMPWQ | SMYWQ | SMBWQ? | SM¥WQ?
SM2 | LSMBWQS | SMUWQ | SMSWQ | SMTWQ? | SMOWQ?
SM? | sSMBWQS | SMYWQ | SM*WQ | SM'WQ? | SM*WQ?

Table 4.5: The group of solutions where ag = SM®

as as by by a1 o

SM® | LSM3WQS | SMPWQ | SMUWQ | SMOWQ? | SMYWQ?
SM® %SM3WQ6 SMOWQ | SM*WQ | SM3WQ? | SM'WQ?
SM® | LSMIWQS | SMPWQ | SMAWQ | SMPWQ? | SMPWQ?
SM® | LSMOWQS | SM'WQ | SMRWQ | SMWQ? | SMB3WQ?
SM® %SME’WQ6 SM™WQ | SMWQ | SMYWQ?* | SM™WQ?
SMS | LSMOWQS | SMBWQ | SMOWQ | SMUWQ? | SM'WQ?
SM® | LaMBWQS | SMPWQ | SMSWQ | SMBWQ? | SM*WQ?
SM® %SM”’WQ6 SMUWQ | SM*WQ | SMTWQ? | SMPWQ?
SM® | LSMBWQS | SMYWQ | SMYWQ | SM'WQ? | SMOWQ?
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Table 4.6: The group of solutions where ay = SM ™
as as by by 1 o
SM™ | $SM3WQS | SMPWQ | SM*WQ | SM°WQ? | SMWQ?
SMH %SJ\PVVQ6 SMWQ | SM8WQ | SM*WQ? | SMYTWQ?
SMH %SM3WQ6 SMPWQ | SMYWQ | SMPWQ? | SMYWQ?
SM™ | $SMWQS | SM'WQ | SM°WQ | SMPWQ? | SM'WQ?
SMH %S]WQVVQ6 SMWQ | SMSWQ | SMYTWQ?* | SMBWQ?
SMH %SMQWQG SMBWQ | SM2WQ | SMYWQ? | SMYTWQ?
SM™ | LSMYPWQE | SMPWQ | SM*WQ | SMBWQ* | SM*WQ?
SMH %SZM“’VVQ6 SMUWQ | SMPWQ | SMTWQ? | SM*WQ?
SMH %SM15WQ6 SMYWQ | SMYSWQ | SM*WQ? | SMPWQ?
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