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Study on the solutions of Fermat type functional equation

Human beings may be said to have lived with numbers. Replacing objects
with the concept of numbers and counting is thought to have led to natural
numbers, and the concept of numbers has expanded over time.
Simultaneously, of course, the concept of numbers in problems has been
broadened. The problem of Fermat type functional equations, which is the
subject of this dissertation, can be considered as a problem involving such
properties. Looking at the problem from the perspective of expanding the
concept of numbers, as the name Fermat type functional equations suggest,
the starting point of the problem is Fermat's Last Theorem of the famous
French Pierre de Fermat. As can be seen in [7], he wrote in the margin of the
book Arithmetica by the ancient Greek mathematician Diophantus in the
1630s, "Equation x™ + y™ =2z", xyz # 0, n > 2. There is no set of natural
numbers (x,y,z) that satisfies this equation. I have discovered a truly
marvelous demonstration, which this margin is too narrow to contain." is
later known as Fermat's Last Theorem. Fermat's Last Theorem has long been
considered by mathematicians and math enthusiasts because of its ease of
understanding, but it has been regarded as an unsolvable problem. This was
fully proved by Andrew John Wiles of the United Kingdom in 1995. It has
been 330 years since Fermat died.

The genealogy of Fermat's Problem is that in 1770, Edward Waring of the
United Kingdom proposed Waring’s problem [7], "Given a positive integer k,
does the equation n = x¥ + x¥ + ...+ x¥ hold for every integer n, where s

depends on k but not on n? If so, what is the smallest value of s for a given



k?” Waring’s problem was positively proved by David Hilbert of Germany in
1909. Waring’s problem with polynomial was also treated as similar to
classical Waring’s problem. In Gross's 1966 paper [1], we can see the extension
of the solution to meromorphic functions for the Waring’s problem with
polynomials.

In 1985 and 2014, Hayman of the United Kingdom published papers [4] and
[5] that organized the forms of the problems so far. Among them, the problem
of Fermat type functional equation is mentioned. In this dissertation, Fermat
type functional equation that we are working on has the form

i+ ++ft=1 nk€Z n>k=2 (1)
as described in [4] and [5]. We observe meromorphic solutions of the equation.
Also, a meromorphic function means a function that is meromorphic in the
whole complex plane. From the aforementioned [4] and [5], the results of
previous studies can be described, (M) If (1) has transcendental meromorphic
function solutions, then n < k? — 1, (R) If (1) has rational function solutions,
then n < k% — 2, (E) If (1) has transcendental entire solutions, then n < k? —
k, (P) If (1) has polynomial solutions, then n < k? —k — 1. In considering
these solutions, we assume that f*, fJ%, -, fit are linearly independent, and
that k 1is not reduced to a low term functional equation. Previous studies
have proved (M) to (P) using the theory of meromorphic function, especially
Cartan's theorem.
In Chapter 3 of the dissertation, we discuss the case when k = 3, that is,
f"+gt+ht =1 (2)

From the above, we can see that there are no transcendental meromorphic
solutions for n >9. Similarly, for n>8, n>7,and n > 6 there are no
rational, transcendental entire, or polynomial solutions, respectively. On the
other hand, the case n <6 constitutes examples of transcendental
meromorphic solutions. Similarly, the case n<5 n<5andn <3 show
examples of rational, transcendental entire, and polynomial solutions,
respectively. As summarized in [2], the existence of a transcendental
meromorphic solution is not known at n = 8,7. Similarly, the cases of n =
7,6, n=6and n = 5,4 are unsolved problems regarding the existence of
rational, transcendental entire and polynomial solutions, respectively. On the
other hand, for k = 2, that is, f™ + g™ = 1, it is completely solved. For these
unsolved problems, Ishizaki proved that if n = 8 and (2) has transcendental
meromorphic function solutions f, g and h, the solutions satisfy the following

differential equation in [6]
W(f® g% h®) =a(2)f°g®h®,  (3)



where W is the Wronski determinant, and a is a meromorphic function that
is a small function with respect to f,g and h. It was also shown that if n =
6 and (2) has the transcendental entire solutions f,g and h, the solutions
satisfy the following differential equation.

W(f® g% h®) =b(2)f*g*h* (4

Note that b is a meromorphic function thatis a small function with respect
to f,g andh. In the paper [3], Cartan's theorem was used to prove the
existence range of the solution in (2) above. On the other hand, in the
dissertation, alternative proofs that do not depend on the Cartan’s theorem of
(2) above are given by Corollary 3.1 for solutions of rational functions and
Corollary 3.2 for transcendental meromorphic solutions.

Here is the inequality that is the basis of alternative proofs. First, regarding
the rational function of Theorem 3.2 in the dissertation, it is assumed that
n =7 in (2) and rational function solutions f, g and h exist. The following
holds

1
(n —6)(m(f) + m(g) + m(h)) <3 (n(V) -n (V))

where m(-) andn(-) are defined independently in Chapter 2. They are for
rational functions corresponding to proximity function and counting function
in the Nevanlinna theory of meromorphic functions, respectively. And n(-) is
the number of poles counted up to the multiplicity of rational functions, and
m(-) is m(R) = max (degRy — degRp,0). Note that R is a rational function
R = Ry/Rp, with relatively prime polynomials Ry andR,. Also, V is a
rational function defined by the following equation.
W(fn, gn’ hn) — ann—Zgn—Zhn—ZV (5)

Next, regarding the meromorphic function of Theorem 3.3 in the dissertation,
it is assumed that n > 7 in (2) and transcendental meromorphic functions
solutions f, g and h exist. The following holds

(n = &)(m(r, 1)+ mCr,9) + m(r, 1) < 3(N,v) = N (2)) +5°0),

where m(r,”) and N(r,”) are Nevanlinna proximity function and Nevanlinna
counting function, respectively, and S*(r) is an error term, see e.g. [7]. The
definition formula of Vis the same as (5), but it is a meromorphic function.

In addition, Lemma 3.3 and Lemma 3.4 are used in the proofs of Corollary
3.2 and Corollary 3.4, respectively, to show that Vin equation (5) is a small
function without poles. It also shows that a and b appearing in the
differential equations (3) and (4) have no poles.

In general, if there exist f, gand h satisfying (2), then not only any entire



function (including polynomials) ¢, but also f(¢), g(@), h(e) will satisfy (2).
Therefore, there is no upper limit to the order of meromorphic solutions and
the degree of solutions of rational functions. Assuming the existence of non-
constant polynomial solutions, the lower limit of the degree is described in
Proposition 3.1 of the dissertation. That is, suppose that there exists a non-
constant polynomial f, g and h satisfying (2) when n is a natural number
such that 2 <n < 5. Then, it can be assumed that d = degf = degg > degh =
k =1 without losing generality. In the case of polynomials, n =5,4 are
unsolved problems, and the following is found.
d>4(n=5),d=2(n=4) when d =k
d>5k>4(n=5),d=>3k>2(n=4) when d >k
This formula has been improved in Proposition 4.1 of Chapter 4.
In Chapter 4 of the dissertation, we consider the functional equation (1), as
a general case. Here, when n=k(k—1),k >3, if (1) has transcendental
entire functions fi,f;,++,fix 1t 1s shown that these solutions satisfy the

following differential equation.

(f1 (k-1) fk(k 1) . k(k 1) bl_[f(k 1)2 ©

Note that b is an entire function that is a small function with respect to
fi, f2,, fie. It also shows that the transcendental entire function has no
solution in n=>k(k—1)+1. This is described in Corollary 4.1 in the
dissertation, which is a generalization of Corollary 3.4. Also, in Corollary 4.2,
it 1s shown by the alternative proof that does not depend on the Cartan’s
theorem that (1) has no solution when n>k(k—1) in the case of a
polynomial solution. Here is the inequality that will be the basis for the
alternative proof. First, for solutions of rational functions of the dissertation
Theorem 4.1, assume that n>k(k—1)+1 in (1), solutions of rational

functions fi, f5, -+, fr exist. Then, the following inequality holds.

(n—k(k— 1)) i m(f;) < k <"(V) - “(%))

Note that, m(-) and n(-) are defined in Chapter 2. Also, V is a rational
function given by

w

V=cg—mm, W=WUELE - n. (@)
T

Next, as shown in meromorphic solutions of Theorem 4.2 in the dissertation,
it is assumed that n>k(k—1)+1 in (1), and that the transcendent



meromorphic solutions fi, f,,, fr exist. At this time, the following
inequality holds.

k
(n - k(k - 1)) Z m(r.f)) < k <N(r, V)-N (%)) L5 )
j=1

The definition formula of V is the same as (7), but it is a meromorphic
function.

Assuming the existence of non-constant polynomial solutions, the
dissertation Proposition 4.1 gives an improvement of the result of Proposition
3.1 for the lower limit of the degree. That is, suppose that there exist non-
constant polynomials f, gand h that satisfy (2) when n is a natural
number such that 2<n <5. Then, it can be assumed that d = degf =
degg = degh = k without losing generality. In the case of polynomials,
previously n = 5,4 are unsolved problems, and the following is found.

d=>4(n=5),d=22n=4) when d =k

d=>5k>4n=5),d=24k>3n=4) when d >k
We have examples of the cases n = 3,2 with d = k + 1. In the dissertation,
solutions for degf = degg = degh = 3 are listed as examples of polynomial
solutions. We have not seen examples of these patterns in our research and
think it's new. As mentioned, we set preconditions and solve it so as not to
change the conscious pattern. We used Formula Manipulation System
Mathematica to solve this problem. We used the same software for the check,
but since the solution did not come out in an organized form in the first place,
even if we added the solution to the third power, it did not become 1, and we
could not confirm whether it was a solution. As shown in the dissertation, we
have arranged the solutions and confirmed that they are linearly independent
of each other and that the sum of the solutions to the third power is 1.
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